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Abstract
We study a connection between a multivariable version of the Goodwillie-Weiss’ calculus of functors
and derived mapping spaces of k-fold bimodules over a family of operads extending the results obtained
in [13]. As our main application, under the assumption di + 3 ≤ n for all i ∈ {1, . . . , k}, we produce explicit
deloopings of high-dimensional spaces of string links modulo immersions from unionsqiRdi to Rn and their
polynomial approximations.
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Introduction
In the present work, we give explicit deloopings of high-dimensional generalizations of spaces of string
links modulo immersions and their polynomial approximations in the sense of Goodwillie-Weiss. Let n be
the dimension of the ambient space. For k ≥ 1 and fixed integers d1, · · · ,dk ≥ 1, a high-dimensional string
link of k-strands of dimensions d1, . . . ,dk , respectively, is a smooth embedding
f :
∐
1≤i≤k
Rdi −→ Rn
that coincides outside a compact set with a fixed smooth embedding ι affine on each components. The
space of high-dimensional string links with k strands, endowed with the weak C∞-topology, is denoted by
Embc(
∐k
i=1R
di ; Rn). Similarly, we consider the space of smooth immersions Immc(
∐k
i=1R
di ; Rn) which
coincide with ι outside a compact set and we focus our attention on the homotopy fiber over ι denoted by
L(d1, . . . ,dk ; n)B hof ib
Embc
 ∐
1≤i≤k
Rdi ; Rn
 −→ Immc
 ∐
1≤i≤k
Rdi ; Rn

 . (1)
For k = 1 and d + 3 ≤ n, the homotopy fiber (1), also called the high-dimensional space of long knots
modulo immersions in the literature, has been intensively studied (see [8, 14, 27, 30, 31]) and is well
understood. In particular, Fresse, Turchin and Willwacher in [17] express the rational homotopy type of
L(d ; n) in terms of graph complexes using the following description of the homotopy fiber as a (d + 1)-
iterated loop space:
L(d ; n) ' ΩdBimodhCd (Cd ; Cn) ' Ω
d+1Operadh(Cd ; Cn).1 (2)
The weak homotopy equivalences have been proved by the author in collaboration with Turchin [10, 13]
using the category BimodO of bimodules over an operadO. If we think about an operad as a monoid in the
category of sequences with the plethysm, then a bimodule is a sequence M = {M(n), n ≥ 0} which is a left
and right module over O. For instance, each operad is a bimodule over itself and each morphism of oper-
ads η : O1 → O2 is a morphism of bimodules over O1. In the identifications (2), Cd is the d-dimensional
little cubes operad which is an equivalent version of the well known little disks operads encoding the
structure of iterated loop spaces. The categories of operads and bimodules are equipped with model cate-
gory structures and the symbol ”h” refers to the derived mapping space.
For k > 1, the homotopy fiber (1) is more mysterious. It is already known that the space L(d1, . . . ,dk ; n)
has the homotopy type of a d-iterated loop space with d = min{d1, . . . ,dk}. Unfortunately, the technique
developed to prove (2) doesn’t generalized easily to the case k > 1. Nevertheless, Tsopméné and Turchin
in [26] have been able to get some information about the rational homotopy and rational homology of
L(d1, . . . ,dk ; n) using graph complex homology under the condition 2di + 2 ≤ n for all i ∈ {1, . . . , k}. Without
explicit description of the iterated loop space, we don’t know how to improve this codimension condition.
In the present paper, we show that the homotopy fiber (1) admits a description in terms of d-iterated loop
space similar to (2) under the condition di + 3 ≤ n for all i ∈ {1, . . . , k}.
1Similar results have been obtained by Boavida-Weiss [7] in the context of framed embeddings using configuration categories.
Another delooping theorem has also been obtained by Sakai [27] in terms of topological Stiefel manifold. Furthermore, Dwyer and
Hess are working on an alternative proof using the Boardman-Vogt tensor product in the category of bimodules [15] while Batanin and
DeLeger are also working on a proof based on an interpretation of bimodules over an operad in terms of algebras over a polynomial
monad [2].
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For this purpose, we introduce the category of k-fold bimodules over ~O where ~O denotes a family of
operadic maps fi : Oi → O, with i ∈ {1, . . . , k}. This category is denoted by Bimod ~O. Roughly speaking, an
object in Bimod ~O is a family of spaces
M(n1, . . . ,nk), with ni ∈N∪ {+} and (n1, . . . ,nk) , (+, . . . ,+),
which is a bimodule over the operad Oi along the i-th variable. The left module structure admits some
constraints encoded by the operad O. For the family of operadic maps fi : Cdi → Cn and n > di , the two
following families of spaces are examples of k-fold bimodules:
O+(n1, . . . ,nk) =
∏
1≤i≤k
ni,+
Cdi (ni ) and Rkn(n1, . . . ,nk) =Rn
 ∑1≤i≤k
ni,+
ni
 ,
where Rn is an equivalent version of the little cubes operad called the n-dimensional little rectangles
operad. The aim of this paper is to study model category structures on Bimod ~O and to prove the following
statement:
Theorem A (Theorem 6.9). For ~O = {fi : Cdi →Cn} with di + 3 ≤ n for all i ∈ {1, . . . , k}, one has
L(d1, . . . ,dk ; n) ' ΩdF′~O(R
k
n),
where F′
~O
(Rkn) is defined as a limit of mapping spaces of k-fold bimodules. In particular, if d1 = · · · = dk = d, then
L(d, . . . ,d ; n) ' ΩdBimodh
~O
(O+ ;Rkn).
The above theorem is proved in two steps. We introduce the notion of k-fold infinitesimal bimodule
over a family of operadic maps. The first step consists in linking derived mapping spaces of k-fold in-
finitesimal bimodules with embedding spaces whose source manifold has k components. For this purpose,
we use a multivariable version of the Goodwillie-Weiss’ calculus of functors developped in [20, 25]. The
second step connects derived mapping spaces of k-fold bimodules and k-fold infinitesimal bimodules. The
rest of the introduction gives more detailed account of these two steps.
First step: Multivariable manifold calculus theory
This step relies on the papers [1, 25]. The theory of manifold calculus of functors developed by Weiss [34]
and Goodwillie-Weiss [20] provides an approximation of contravariant functors F : O(M)→ T op, where
M is a smooth manifold and O(M) is the poset of its open subsets. They build a tower
F
||  "" ((
T0F T1Foo T2Foo T3Foo · · ·oo
which converges to F under some conditions on the functor. By converging, we mean that the induced
natural transformation F → T∞F, where T∞F is the limit of the tower, is a pointwise weak homotopy
equivalence. The r-th polynomial approximation TrF has the advantage to be easier to understand than
the initial functor. For instance, Arone and Turchin [1, Theorem 5.9] prove that TrF can be identified with
a derived mapping space of infinitesimal bimodules (or just right modules depending on the context) over
the little cubes operad (see Definition 1.6).
Thereafter, this theory has been extended to manifold M with many components by Munson and Volic
[24] in order to study the usual space of string links (i.e. in the particular case d1 = · · · = dk = 1). From the
homotopy fiber (1) viewed as a contravariant functor
~U =
(
U1, . . . ,Uk
)
7−→ L( ~U ) = hof ib
(
Embc
(
~U ; Rn
)
−→ Immc
(
~U ; Rn
))
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where Ui ranges over a certain category of open subsets of Rdi , this theory provides a multivariable poly-
nomial approximation T~r L(−), for any ~r = (r1, . . . , rk) ∈ Nk . The ~r-th approximation has the property to be
homotopically characterized by open subsets for whichUi is diffeomorphic to at most ri disjoint open cubes
and one anti-cube (see Section 3.1.2). Similarly to [1] for high-dimensional space of long knots modulo
immersions, each polynomial approximation can be identified with derived mapping space of truncated
k-fold infinitesimal bimodules.
The category of k-fold infinitesimal bimodules over ~O, denoted by Ibimod ~O, has for objects families
of spaces N = {N (n1, . . . ,nk), ni ∈ N} which are right modules over Oi along the i-th variable. Such an
object has also left operations with constraints encoded by O that differ from the left operations of k-fold
bimodules. For the family of operadic maps fi : Cdi → Cn and n > di , the two following families of spaces
are examples of k-fold infinitesimal bimodules:
O(n1, . . . ,nk) = Cd1 (n1)× · · · × Cdk (nk) and Rkn(n1, . . . ,nk) =Rn(n1 + · · ·+nk).
By ~r-truncated objects, with ~r = (r1, . . . , rk) ∈ Nk , we mean families N = {N (n1, . . . ,nk), 1 ≤ ni ≤ ri } with the
same kind of structure. By abuse of notation, we denote by T~r Ibimod ~O the category of ~r-truncated k-fold
infinitesimal bimodules and we prove the following result:
Theorem B (Theorem 3.1). For ~O = {fi : Cdi →Cn}, one has weak homotopy equivalences
T~r L(d1, · · · ,dk ; n) ' T~r Ibimodh~O(O ;R
k
n), for ~r ∈Nk ,
L(d1, · · · ,dk ; n) ' T~∞L(d1, · · · ,dk ; n) ' Ibimodh~O(O ;R
k
n), if di + 3 ≤ n for all i ∈ {1, . . . , k}.
Second step: Relations between the categories Ibimod ~O and Bimod ~O
In this step, we fix a family of operadic maps ~O = {fi :Oi →O}. Similarly to the previous step with the little
cubes operads, we can consider the k-fold infinitesimal bimodule O and the k-fold bimodule O+ defined
as follows:
O(n1, . . . ,nk) =O1(n1)× · · · ×Ok(nk) and O+(n1, . . . ,nk) =
∏
1≤i≤k
ni,+
Oi (ni ).
Given a morphism of k-fold bimodules η : O+→M, we prove thatM inherits a k-fold infinitesimal bimod-
ule structure. We also introduce the following two subspaces where Mi = {Mi (n) =M(+, . . . ,+,n,+, . . . ,n)} is
a bimodule over Oi and T~r Bimod ~O is the category of ~r-truncated k-fold bimodules:
F ~O(M) ⊂ Map∗
(∑( ∏
i∈A
Oi (2)
)
; Bimodh
~O
(O+ ;M)
)
×
∏
1≤i≤k
Map∗
(∑
Oi (2) ; Bimod
h
Oi
(Oi ;Mi )
)
,
T~r F ~O(M) ⊂ Map∗
(∑( ∏
i∈A
Oi (2)
)
; T~r Bimod
h
~O
(O+ ;M)
)
×
∏
1≤i≤k
Map∗
(∑
Oi (2) ; Tri Bimod
h
Oi
(Oi ;Mi )
)
.
The symbol Σ refers to the suspension and Map∗ to morphisms of pointed spaces. The above spaces have
explicit descriptions in terms of limits of diagrams (see Section 5.1). In particular, if O1 = · · · = Ok = O,
then the limits can be simplified and the above spaces take the following form:
F ~O(M) = Map∗
(∑
O(2) ; Bimodh
~O
(O+ ;M)
)
,
T~r F ~O(M) = Map∗
(∑
O(2) ; T~r Bimod
h
~O
(O+ ;M)
)
.
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By using well chosen cofibrant resolutions of O and O+ in the categories of k-fold infinitesimal bimod-
ules and k-fold bimodules, respectively, we are able to build explicitly the two following maps only if the
operads O1, . . . ,Ok are 2-reduced (i.e. Oi (0) =Oi (1) = ∗):
γ : F ~O(M) −→ Ibimodh~O(O ;M),
γ~r : T~r F ~O(M) −→ T~r Ibimodh~O(O ;M).
(3)
Unfortunately, the maps (3) are not necessarily weak homotopy equivalences. In [13], in the particular
case k = 1, we give with Turchin conditions for (3) to be weak homotopy equivalences. An operad satisfy-
ing this condition is said to be coherent. The property of being coherent is expressed in terms of sequence
of morphisms {ρi }i≥1 of certain homotopy colimits that must be weak homotopy equivalences (see Defini-
tion 5.8). An operad is r-coherent, with r ∈N, if the morphisms {ρi }1≤i≤r are weak homotopy equivalences.
Theorem C (Theorem 5.1). Let ~j = (j1, . . . , jk) ∈ Nk and ~r ≤ ~j. If, for all i ∈ {1, . . . , k}, the operad Oi is well
pointed, Σ-cofibrant and ji-coherent, then the map γ~r is a weak homotopy equivalence under some technical
conditions on M. In particular, if the operads O1, . . . ,Ok are coherent, then the map γ is a weak homotopy
equivalence.
In [13], we show that the little cubes operad is coherent. Unfortunately, the little cubes operad is only
weakly 2-reduced (i.e. Cdi (0) = ∗ and Cdi (1) ' ∗). By using properties on the model category structures
associated to the categories of k-fold bimodules and k-fold infinitesimal bimodules, we can extend the
previous statement to the family of little cubes operads. For this purpose, we use the Fulton-MacPherson
operad which is 2-reduced and connected by a zig-zag of weak homotopy equivalences to the little cubes
operad.
Theorem D (Theorem 6.2). Let ~O = {fi : Cd1 → Cn} and let η : O+ →M be a map of k-fold bimodules. Under
some technical conditions on M, one has the following weak homotopy equivalences:
F ~O(M) ' Ibimodh~O(O ;M),
T~r F ~O(M) ' T~r Ibimodh~O(O ;M).
In particular, if d1 = · · · = dk = d, then one has
Map∗
(∑Cd (2) ; Bimodh~O(O+ ;M)) ' Ibimodh~O(O ;M),
Map∗
(∑Cd (2) ; T~r Bimodh~O(O+ ;M)) ' T~r Ibimodh~O(O ;M).
The last step consists in identifying the iterated loop spaces. Since the suspension of Cd (2) is homotopi-
cally equivalent to the sphere of dimension d, the space
∑
(
∏
i Cdi (2)) can be factorized through Sd . Finally,
we show that
F ~O(M) 'ΩdF′~O(M) and T~r F ~O(M) 'Ω
d
(
T~r F
′
~O
(M)
)
,
where F′
~O
(M) and T~r F
′
~O
(M) are subspaces
F′~O(M) ⊂Map∗
(
S0 ; Bimodh
~O
(O+ ;M)
)
×
∏
1≤i≤k
Map∗
(
Sdi−d ; BimodhOi (Oi ;Mi )
)
,
T~r F
′
~O
(M) ⊂Map∗
(
S0 ; T~r Bimod
h
~O
(O+ ;M)
)
×
∏
1≤i≤k
Map∗
(
Sdi−d ; Tri BimodhOi (Oi ;Mi )
)
.
with explicit descriptions in terms of limits of mapping spaces of k-fold bimodules.
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Theorem E (Theorem 6.8). Let ~O = {fi : Cdi → Cn} and let η : O+ →M be a map of k-fold bimodules. Under
some technical conditions on M, one has the following weak homotopy equivalences:
Ωd
(
F′
~O
(M)
)
' Ibimodh
~O
(O ;M),
Ωd
(
T~r F
′
~O
(M)
)
' T~r Ibimodh~O(O ;M).
In particular, if d1 = · · · = dk = d, then one has
Ωd
(
Bimodh
~O
(O+ ;M)
)
' Ibimodh
~O
(O ;M),
Ωd
(
T~r Bimod
h
~O
(O+ ;M)
)
' T~r Ibimodh~O(O ;M).
As a consequence of this result, we are able to give an explicit description of L(d1, . . . ,dk ; n) and their
polynomial approximations. Finally, we produce another application of the above theorem in order to
get a description of the iterated loop spaces associated to polynomial approximations of high-dimensional
spaces of string links modulo immersions with singularities (see Section 6.3). In the latter case, we don’t
know if the polynomial approximation converges. So, we only obtain results on the polynomial approxi-
mations.
Organization of the paper. In Section 1, we review some preliminaries about topological operads, bimod-
ules and infinitesimal bimodules over an operad. Little cubes operads and non-overlapping little cubes
bimodules are introduced.
Section 2 is devoted to the category of k-fold infinitesimal bimodules over a family of topological oper-
ads relative to another operad. We build the free k-fold infinitesimal bimodule functor and we introduce
two different model category structures: Reedy and projective. In the last subsection, we give an explicit
and functorial way to build cofibrant replacements in both model category structures.
The main goal of Section 3 is to prove Theorem B (alias Theorem 3.1). We recall some basics about
multivariable Goodwillie-Weiss’ calculus of functors and we adapt this theory for manifolds which are
not necessarily compact. We prove that the category of k-fold infinitesimal bimodules over a family of
operads is equivalent to a category of diagrams in spaces. We use this description to prove that polynomial
approximations of good context-free functors produce k-fold infinitesimal bimodules.
Section 4 is devoted to the category of k-fold bimodules over a family of topological operads relative
to another operad. Similarly to Section 2, we build the free k-fold bimodule functor and we introduce two
different model category structures: Reedy and projective. In the last subsection, we give an explicit and
functorial way to build cofibrant replacements in both model category structures. In particular, we show
that the resolution associated to the k-fold bimodule O+ has some specific properties used to prove the
main theorems in Section 5.
In Section 5 we prove Theorem C (alias Theorem 5.1). For this purpose, we introduce the notion of
coherent operad and we use explicit cofibrant replacements of O and O+. Unfortunately, the resolution
introduced in Section 2 is not well adapted to define the maps (3). To solve this problem, we consider an
alternative resolution of O obtained as a semi-direct product of the resolution of O+ as a k-fold bimodule
and another k-fold sequence I .
In the last section 6 we prove Theorem D (alias Theorem 6.1). We show how to get iterated loop spaces
from a map η : O+ →M of the k-fold bimodules. In particular we prove Theorem A (alias Theorem 6.8).
Then we give another application to the space ~u-immersions modulo immersions (see Definition 6.3).
Convention. By a space we mean a compactly generated Hausdorff space and by abuse of notation we
denote by T op this category (see e.g. [21, section 2.4]). IfX, Y and Z are spaces, then T op(X;Y ) is equipped
with the compact-open topology in order to have a homeomorphism T op(X;T op(Y ;Z))  T op(X × Y ;Z).
We also refer the reader to [13, Appendix A] for a more detailed study and more references.
The category T op is endowed with a cofibrantly generated monoidal model category structure with
weak homotopy equivalences and Serre fibrations. In the paper the categories considered are enriched
over T op. By convention, if C is a model category enriched over T op, then the derived mapping space
Ch(A;B) is the space C(Ac;Bf ) with Ac a cofibrant replacement of A and Bf a fibrant replacement of B.
6
1 Background and convention
In the following, we recall the terminology related to the notion of topological operad and "infinitesimal"
bimodule. Let Σ be the category of finite sets and isomorphisms between them. By a Σ-sequence we mean
a covariant functor from Σ to the category of topological spaces. We will write M(n) for M({1, . . . ,n}) and
M(0) for M(∅). In practice, a Σ-sequence is given by a family of topological spaces M(0), M(1), . . . together
with actions of the symmetric groups: for each permutation σ ∈ Σn, there is a continuous map
σ ∗ :M(n) −→ M(n);
x 7−→ x · σ, (4)
satisfying the relation (x · σ ) · τ = x · (στ) with τ ∈ Σn. We denote by Seq the category of Σ-sequences.
Given an integer r ≥ 1, we also consider the category of r-truncated sequences TrSeq. Let Σr be the
category of finite sets of cardinality smaller than r and isomorphisms between them. An r-truncated
sequence is a functor from Σr to the category of topological spaces. In practice, an r-truncated sequence
is given by a family of topological spaces M(0), . . . ,M(r) together with an action of the symmetric group
Σn for each n ≤ r. A (possibly truncated) sequence is said to be pointed if there is a distinguished element
∗1 ∈M(1) called unit. One has an obvious functor
Tr (−) : Seq −→ TrSeq.
Definition 1.1. Topological operad
An operad is a pointed Σ-sequence O together with operations called operadic compositions
◦a :O(A)×O(B) −→O(A∪a B), with a ∈ A, (5)
where A ∪a B = (A \ {a})∐B. These operations satisfy compatibility relations with the symmetric group
action as well as associativity and unit axioms [1]. A map between two operads should respect the operadic
compositions. We denote by Operad the categories of operads. An operad O is said to be reduced (resp.
2-reduced) if O(0) = ∗ (resp. O(0) =O(1) = ∗).
Given an integer r ≥ 1,we also consider the category of r-truncated operads TrOperad. The objects are
pointed r-truncated sequences endowed with operadic compositions (5) for |A∪a B| ≤ r and |A| ≤ r. One
has an obvious functor
Tr (−) :Operad −→ TrOperad.
In practice, an operad is determined by a family of topological spaces O(0), O(1), . . . together with
actions of the symmetric groups and operadic compositions of the form
◦i :O(n)×O(m) −→O(n+m− 1), with i ∈ {1, . . . ,n},
satisfying some relations. In the rest of the paper, we often switch between the two definitions in order to
simplify the notation.
Example 1.2. The overlapping little rectangles operadR∞d
A d-dimensional little rectangle is a continuous map r : [0 , 1]d → [0 , 1]d arising from an embedding
preserving the direction of the axes. In other words, a little rectangle r is an application of the form
r(t1, . . . , td ) = (a1t1 + b1, . . . , ad td + bd )
for some real constant ai and bi , with ai > 0. The operad R∞d is the sequence {R∞d (n)} whose n-th compo-
nent is given by n little rectangles. The unit is the identity map whereas σ ∈ Σn permutes the parameters
as follows:
σ ∗ :R∞d (n) −→R∞d (n) ; < r1, . . . , rn >7−→< rσ (1), . . . , rσ (n) > .
The operadic composition ◦i is given by the formula
◦i : R∞d (n)×R∞d (m) −→ R∞d (n+m− 1);
< r1, . . . , rn > ; < r′1, . . . , r′m > 7−→ < r1, . . . , ri−1, ri ◦ r′1, . . . , ri ◦ r′m, ri+1, . . . , rn > .
By convention R∞d (0) is the one point topological space and the operadic composition ◦i with this point
consists in removing the i-th little rectangle.
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Example 1.3. The little rectangles operadRd and the little cubes operad Cd
The d-dimensional little rectangles operad is a sub-operad ofR∞d whose n-th component is the configura-
tion of n little rectangles with disjoint interiors. In other words,Rd (n) is the subspace ofR∞d (n) formed by
configurations < r1, . . . , rn > satisfying the relation
ri (]0 , 1[) ∩ rj (]0 , 1[) = ∅, ∀i , j.
The d-dimensional little cubes operad Cd is a sub-operad of Rd whose n-th component is the con-
figuration of n little rectangles with disjoint interiors < r1, . . . , rn > for which the rectangles ri are of the
form
ri (t1, . . . , td ) = (a
i t1 + b
i
1, . . . , a
i td + b
i
d ), with a
i > 0.
In both cases, the operadic compositions and the action of the symmetric group arise from the over-
lapping little rectangles operad R∞d . Furthermore, these two operads are obviously equivalent to the well
known little discs operad.
Figure 1: Illustration of the operadic composition ◦2 : C2(3)×C2(2)→C2(4).
For d ≤ d′ , there are two maps of operads ι : Rd → Rd′ and ι′ : Cd → Cd′ . The map ι sends a little
rectangle r of dimension d to the rectangle of dimension d′ given by the formula
ι(r)(t1, . . . , td′ ) = (r(t1, . . . , td ), td+1, . . . , td′ ).
The map ι′ sends a little rectangle of dimension d of the form r(t1, . . . , td ) = (at1 +b1, . . . , atd +bd ) to the little
rectangle of dimension d′ given by the formula
ι′(r)(t1, . . . , td′ ) =
(
at1 + b1, . . . , atd + bd , atd+1 + (1− a)/2, . . . , atd′ + (1− a)/2
)
.
Figure 2: Illustration of the maps ι :R1(3)→R2(3) and ι′ : C1(2)→C2(2).
Definition 1.4. Bimodule over an operad
A bimodule over O, also called O-bimodule, is given by a sequence M ∈ Seq together with operations
γr : M(A)× ∏
a∈A
O(Ba) −→M( ∐
a∈A
Ba), right operations,
γl : O(A)×
∏
a∈A
M(Ba) −→M( ∐
a∈A
Ba), left operations,
(6)
satisfying compatibility with the symmetric group action, associativity and unit axioms [1]. In particular,
there is a continuous map γ∅ : O(∅)→ M(∅) in arity 0. A map between O-bimodules should respect the
operations. We denote by BimodO the category of O-bimodules. Thanks to the unit in O(1), the right
operations γr can equivalently be defined as a family of continuous maps
◦a :M(A)×O(B) −→M(A∪a B), with a ∈ A.
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Given an integer r ≥ 0, we also consider the category of r-truncated bimodules TrBimodO. An object
is an r-truncated sequence endowed with left and right operations (6) under the conditions |A| ≤ r and∑ |Ba| ≤ r for γr and the condition ∑ |Ba| ≤ r for γl . One has an obvious functor
Tr (−) : BimodO −→ TrBimodO.
In practice, a bimodule over O is determined by a family of topological spaces M(0), M(1), . . . together
with actions of the symmetric groups and operations of the form
◦i : M(n)×O(m) −→M(m+n− 1), right operations,
γl : O(n)×M(m1)× · · · ×M(mn) −→M(m1 + · · ·+mn), left operations.
Example 1.5. The m-overlapping little rectangles bimoduleR(m)d
The d-dimensional m-overlapping little rectangles bimodule has been introduced by Dobrinskaya and
Turchin in [9]. Its n-th component is the subspace ofR∞d (n) formed by configurations < r1, . . . , rn > satisfy-
ing the relation
∀S ⊂ {1, . . . ,n}, |S | =m, ⋂
s∈S
rs(]0 , 1[) = ∅.
In particular, R(2)d coincides with the little rectangles operad. For m > 2, the Σ-sequence R
(m)
d = {R
(m)
d (n)}
is not an operad since the operadic composition introduced in Definition 1.2 doesn’t necessarily preserve
the number of intersections between the little rectangles. Nevertheless, them-overlapping little rectangles
inherits a bimodule structure over Cd (or over Rd ) from the operadic structure of R∞d .
Figure 3: Illustration of the operation ◦2 :R(3)2 (4)×C2(2)→R(3)2 (5).
Definition 1.6. Infinitesimal bimodule over an operad
An infinitesimal bimodule over O, or O-Ibimodule, is a sequence N ∈ Seq endowed with operations
◦a :O(A)×N (B)→N (A∪a B) for a ∈ A, infinitesimal left operations,
◦b :N (B)×O(A)→N (B∪b A) for b ∈ B, infinitesimal right operations,
(7)
satisfying unit, associativity, commutativity and compatibility with the symmetric group axioms [1]. A
map between infinitesimal bimodules should respect the operations. We denote by IbimodO the category
of infinitesimal bimodules over O.
Given an integer r ≥ 1, we also consider the category of r-truncated bimodules Tr IbimodO. An object
is an r-truncated sequence endowed with infinitesimal left and right operations (7) under the conditions
|B∪b A| ≤ r and |B| ≤ r. One has an obvious functor
Tr (−) : IbimodO −→ Tr IbimodO.
In practice, an infinitesimal bimodule over O is determined by a family of topological spaces N (0),
N (1), . . . together with actions of the symmetric groups and operations of the form
◦i :O(n)×N (m)→N (n+m− 1) for 1 ≤ i ≤ n, infinitesimal left operations,
◦i :N (m)×O(n)→N (n+m− 1) for 1 ≤ i ≤ n, infinitesimal right operations,
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Example 1.7. Any operad O is obviously an infinitesimal bimodule over itself. Unfortunately, a bimodule
over O is not necessarily an infinitesimal bimodule. Nevertheless, if there exists a map of O-bimodules
η :O→M, then M inherits an infinitesimal bimodule structure over O. Since the right operations and the
right infinitesimal operations are the same, we just need to define the left infinitesimal operations
◦i :O(n)×M(m) −→ M(n+m− 1);
(x ; y) 7−→ γl (x ; η(∗1), . . . ,η(∗1)︸           ︷︷           ︸
i−1
, y,η(∗1), . . . ,η(∗1)︸           ︷︷           ︸
n−i
).
2 The model category of k-fold infinitesimal bimodules
As shown in [1], the classical notion of infinitesimal bimodule is convenient in order to understand spaces
of embeddings since its r-th polynomial approximation (see Definition 3.5) is related to derived mapping
spaces of r-truncated infinitesimal bimodules over the little cubes operad. In the present work we deal
with a multivariable version of the polynomial approximation and, for this reason, we need a generaliza-
tion of the classical notion of infinitesimal bimodule. This section is devoted to introduce the category of
k-fold infinitesimal bimodules over a family of reduced operads. In particular, we build model category
structures as well as functorial cofibrant replacements.
2.1 The category of "truncated" k-fold infinitesimal bimodules
Let Σ×k be the category of families of k finite sets (A1, . . . ,Ak) and families of isomorplisms between them.
A k-fold sequence is a covariant functor N from Σ×k to the category of topological spaces. We will write
N (n1, . . . ,nk) for the space N ({1, . . . ,n1}, . . . , {1, . . . ,nk}). In practice, a k-fold sequence is given by a family of
spacesN (n1, . . . ,nk), with (n1, . . . ,nk) ∈Nk , together with actions of the symmetric groups: for each element
σ ∈ Σn1 × · · · ×Σnk , there is a map
σ ∗ :N (n1, . . . ,nk) −→ N (n1, . . . ,nk);
x 7−→ x · σ,
satisfying some relations. We denote by Seqk the category of k-fold sequences.
Given an element ~r = (r1, . . . , rk) ∈ Nk , we also consider the sub-category T~r Σ×k whose objects are fam-
ilies of finite sets (A1, . . . ,Ak) with |Ai | ≤ ri . An ~r-truncated k-fold sequence is a covariant functor from
T~r Σ
×k to spaces. We denote by T~r Seqk the category of ~r-truncated k-fold sequences. Furthermore, there
exists an obvious functor
T~r (−) : Seqk −→ T~r Seqk .
Definition 2.1. The k-fold sequence ~O
Let O1, · · · ,Ok be a family of reduced operads and let X be topological monoid equipped with a family of
maps of topological monoids fi :Oi (1)→ X. We say that O1, · · · ,Ok is a family of reduced operads relative
to X. We introduce the k-fold sequence
~O(A1, . . . ,Ak) =O1(A
∗
1) ×X · · · ×XOk(A
∗
k), (8)
with A∗i = Ai unionsq {∗} the pointed set marked by ∗. The product over X is obtained using the composite map
Oi (A∗i )→Oi (∗) =Oi (1)→ X where the first map consists in composing all the inputs other than the marked
one with the unique point in Oi (0). The k-fold sequence (8) inherits an algebraic structure in the sense
that one has an associative operation
µ˜ : ~O(A1, . . . ,Ak)× ~O(B1, . . . ,Bk) −→ ~O(A1 unionsqB1, . . . ,Ak unionsqBk);
(x1, . . . ,xk) ; (y1, . . . , yk) 7−→ (x1 ◦∗ y1, . . . ,xk ◦∗ yk).
(9)
We will write ~O(n1, . . . ,nk) for the space O1({1, . . . ,n1}) ×X · · · ×X Ok({1, . . . ,nk}), with ni ≥ 1, where the set
{1, . . . ,ni } is assumed to be pointed by 1. In that case, the associative operation comes from the operadic
composition ◦1 on each variable.
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Definition 2.2. The category of k-fold infinitesimal bimodules over ~O
A k-fold infinitesimal bimodule over ~O, or just ~O-Ibimodule, is a k-fold sequence N together with opera-
tions called k-fold infinitesimal right operations and k-fold infinitesimal left operations, respectively,
◦ai :N (A1, . . . ,Ak)×Oi (B) −→N (A1, . . . ,Ai ∪a B, . . . ,Ak), for 1 ≤ i ≤ k and a ∈ Ai ,
µ : ~O(B1, . . . ,Bk)×N (A1, . . . ,Ak) −→N (A1 unionsqB1, . . . ,Ak unionsqBk),
(10)
satisfying compatibility relations with the symmetric group, associativity and unit axioms (see Appendix
A.1). A map between k-fold infinitesimal bimodules should respect the operations. The category of k-fold
infinitesimal bimodules is denoted by Ibimod ~O.
Given an element ~r = (r1, . . . , rk) ∈ Nk , we also consider the category of ~r-truncated k-fold infinitesimal
bimodules over ~O, denoted by T~r Ibimod ~O. An object is an ~r-truncated k-fold sequence together with
operations of the form (10) with |Ai | ≤ ri and |Ai unionsqBi | ≤ ri . One has an obvious functor
T~r (−) : Ibimod ~O −→ T~r Ibimod ~O
In practice, a k-fold infinitesimal bimodule over ~O is determined by a family of topological spaces
N (n1, . . . ,nk), with (n1, . . . ,nk) ∈ Nk , together with an action of the symmetric group Σn1 × · · · × Σnk and
operations of the form
◦ji :N (n1, . . . ,nk)×Oi (m) −→N (n1, . . . ,ni +m− 1, . . .nk), with i ≤ k and j ≤ ni ,
µ : ~O(n1, . . . ,nk)×N (m1, . . . ,mk) −→N (n1 +m1 − 1, . . . ,nk +mk − 1).
For the rest of the paper, we use also the following notation:
x ◦ji y = ◦
j
i (x ; y) for x ∈N (n1, . . . ,nk) and y ∈Oi (m).
Sometimes, we use the terminology of family of operads O1, . . . ,Ok relative to another operad O in
the context of k-fold infinitesimal bimodules. In that case, it means that the family operads O1, . . . ,Ok
is relative to the topological monoid O(1) arising from the arity 1 of the operad. Indeed, any topological
monoid can be seen as an operad concentrated in arity 1 and, conversely, the arity 1 of any operad produces
a topological monoid.
Proposition 2.3. The category of 1-fold infinitesimal bimodules over a reduced operad O is equivalent to the
usual category of infinitesimal bimodules over O.
Proof. The aim of this proposition is to show that the notion of k-fold infinitesimal bimodule is already a
generalization of the usual notion of infinitesimal bimodule. Let N be an infinitesimal bimodule over O.
So, N is obviously a right module over O and the 1-fold infinitesimal left operation is given by:
µ : O(n)×N (m) −→ N (n+m− 1);
(x ; y) 7−→ x ◦1 y.
Conversely, if N is a 1-fold infinitesimal bimodule, then N is still a right module overO. The left infinites-
imal operations are obtained using the 1-fold left infinitesimal bimodule operation over ~O = O together
with the action of the symmetric group (seen as an operad):
◦i : O(n)×N (m) −→ N (n+m− 1);
(x ; y) 7−→ µ
(
x · (1 ; i) ; y
)
·
(
(1 ; i) ◦i idΣm
)−1
,
where (1 ; i) ∈ Σn is the permutation between 1 and i. In particular, the left operation ◦1 corresponds to µ.
This 1 : 1 correspondence is well defined and implies an equivalence of categories. 
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Remark 2.4. A k-fold Ibimodule as a 1-fold Ibimodule over a colored operad
A colored operad with set of colors S = {c1, . . . , ck} is given by a family of spaces O := {O(Ac1 , . . . ,Ack ; c)},
with Aci a finite set associated to the color ci and c ∈ S, together with operadic compositions ◦ai , with
ai ∈ Aci , of the form
◦ai :O(Ac1 , . . . ,Ack ; c)×O(Bc1 , . . . ,Bck ; ci ) −→O(Ac1 unionsqBc1 , . . . ,Aci ∪ai Bci , . . . ,Ack unionsqBck ; c).
Besides, we can also consider the category of 1-fold infinitesimal bimodules over a colored operad O,
also denoted by IbimodO, whose objects are family of topological spaces N := {N (Ac1 , . . . ,Ack ; c)} together
with operations of the form
◦ai :O(Ac1 , . . . ,Ack ; c)×N (Bc1 , . . . ,Bck ; ci ) −→N (Ac1 unionsqBc1 , . . . ,Aci ∪ai Bci , . . . ,Ack unionsqBck ; c),
◦ai :N (Ac1 , . . . ,Ack ; c)×O(Bc1 , . . . ,Bck ; ci ) −→N (Ac1 unionsqBc1 , . . . ,Aci ∪ai Bci , . . . ,Ack unionsqBck ; c),
again satisfying some relations similar to the usual notion of infinitesimal bimodule over an operad (we
refer the reader to [11] for more details).
Then, from a family of topological operads O1, . . . ,Ok relative to topological monoid X, we build the
following colored operad with set of colors S = {c1, . . . , ck+1}:
O˜(Ac1 , . . . ,Ack+1 ; c) :=

Oi (Aci ) if c = ci for i ≤ k and Acj = ∅ for j , i,
O1(A∗c1 )×X · · · ×X Ok(A∗ck ) if c = ck+1 and Ack+1 = ∗,
∅ otherwise.
(11)
The colored operadic structure on O˜ comes from the operadic structures of O1, . . . ,Ok as well as the op-
eration (9). Then, we consider a particular 1-fold infinitesimal bimodule N∗ over the colored operad (11)
defined as follows:
N∗(Ac1 , . . . ,Ack+1 ; c) :=
 ∗ if Ack+1 = ∅ and c = ck+1,∅ otherwise.
Finally, one has the following equivalence of categories:
Ibimod ~O  IbimodO˜ ↓N∗.
Example 2.5. The k-fold infinitesimal bimodule O
Let O1, . . . ,Ok be a family of reduced operads relative to a topological monoid X. Then, we consider the
k-fold sequence given by the formula
O(A1, . . . ,Ak) =O1(A1)× · · · ×Ok(Ak), for (A1, . . .Ak) ∈ Σ×k . (12)
The k-fold infinitesimal right operations are obtained using the operadic structures of O1, . . . ,Ok . The
k-fold infinitesimal left operations are given by
µ : ~O(B1, . . . ,Bk)×O(A1, . . . ,Ak) −→ O(A1 unionsqB1, . . . ,Ak unionsqBk);
(x1, . . . ,xk) ; (y1, . . . , yk) 7−→ (x ◦∗ y1, . . . ,xk ◦∗ yk).
More generally, if N1, . . . ,Nk are infinitesimal bimodules over the reduced operads O1, . . . ,Ok , respec-
tively, then the k-fold sequence
N(A1, . . . ,Ak) =N1(A1)× · · · ×Nk(Ak), for (A1, . . .Ak) ∈ Σ×k ,
inherits a k-fold infinitesimal bimodule structure over the family of reduced operads O1, . . . ,Ok relative to
any topological monoid X.
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Example 2.6. The k-fold infinitesimal bimoduleRkn
In the following, ~O is associated to the family of reduced operads Cd1 , . . . ,Cdk relative to the topological
monoid Cn(1). Without loss of generality, we assume that d1 ≤ · · · ≤ dk < n. Then, we introduce the k-fold
sequence
Rkn(A1, . . . ,Ak) =Rn(A1 unionsq · · · unionsqAk), ∀ (A1, . . . ,Ak) ∈ Σ×k .
The k-fold sequence so obtained inherits a k-fold infinitesimal bimodule structure over ~O. The k-fold
infinitesimal right operations are defined using the composite map κi : Cdi → Cdk ↪→ Rdk → Rn and the
operadic structure of Rn. In order to define the k-fold infinitesimal left operations, we need a map of the
form
ε : Cd1 (A∗1) ×Cn(1)
· · · ×Cn(1)
Cdk (A∗k) −→Rn(A1 unionsq · · · unionsqAk unionsq {∗}). (13)
For this purpose, we consider the element ck ∈ Rn(k) which subdivides the unit cubes into k equal little
rectangles along the last coordinate. From a point (x1, . . . ,xk) in the product space over Cn(1), the compo-
sition (. . . (ck ◦k κk(xk)) . . .) ◦1 κ1(x1) is an element in Rn(A∗1 unionsq · · · unionsqA∗k). Nevertheless, since the product in
(13) is over the space Cn(1) and since di < n, the marked rectangles in the composition are aligned and
such an element can be identified with a point in Rn(A1 unionsq · · · unionsqAk unionsq {∗}) by gluing together all the marked
rectangles.
Figure 4: Illustration of the map ε.
Finally, the k-fold infinitesimal left operation is defined by the formula
µ : ~On(A1, . . . ,Ak)×Rkn(B1, . . . ,Bk) −→ Rkn(A1 unionsqB1, . . . ,Ak unionsqBk);
(x1, . . . ,xk) ; y 7−→ ε(x1, . . . ,xk) ◦∗ y.
Figure 5: Illustration of the 2-fold left infinitesimal operation.
2.2 The Reedy and projective model category structures on Ibimod ~O
First, we fix a family of reduced operads O1, . . . ,Ok relative to a topological monoid X. The purpose of this
section is to define a model category structure on the category of k-fold infinitesimal bimodules over ~O.
More precisely, we introduce two different model category structures: projective and Reedy. Both model
category structures have advantages and inconveniences. With the Reedy model structure, we need to deal
with fibrant replacements but it makes the main theorem of Section 5 easier to prove. On the other hand,
the projective model category structure is related to the Goodwillie-Weiss manifold calculus theory and all
the objects are fibrants. In the following, we compare these two structures and we give properties needed
to prove the main results in Section 6.
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2.2.1 The projective model category structure
Similarly to [11], the category of k-fold sequences can be endowed with a cofibrantly generated model cate-
gory structure, called projective model structure, in which all the objects are fibrant. More precisely, a map
is a weak equivalence (resp. a fibration) if each of its components is a weak homotopy equivalence (resp.
a Serre fibration). In order to define a model category structure on the category of k-fold infinitesimal
bimodules, we need an adjunction
F
Ib ; ~O : Seqk  Ibimod ~O : U , (14)
where U is the forgetful functor. As usual in the operadic theory, the free k-fold infinitesimal bimodule
functor can be described in terms of coproduct indexed by a set of trees.
Definition 2.7. The set of k-fold reduced pearled trees
A pearled tree T = (T ; p) is a planar rooted tree T with a particular vertex p ∈ V (T ) in the path joining
the first leaf or univalent vertex (according to the planar order) and the root. A pearled tree is said to be
reduced if the vertices other than the pearl are connected to the pearl by an inner edge. Furthermore, we
need the following notation:
I V rp(T ) is the set of vertices other than the pearl composing the path from the pearl to the root of T ,
I V c(T ) is the set of vertices other than the pearl and other than the vertices in V rp(T ).
Figure 6: Illustration of reduced pearled trees.
For ~n = (n1, . . . ,nk) ∈Nk , we introduce the set rpT ree[~n ] of k-fold reduced pearled trees ~T = (T1, . . . ,Tk , ~σ )
where Ti is a reduced pearled tree having ni leaves and ~σ ∈ Σn1 × · · · ×Σnk is a permutation labelling the
leaves of the reduced pearled trees. Furthermore, we assume that |V rp(T1)| = |V rp(Ti )| for all i ≤ k. In
particular, if v1 ∈ V rp(T1), then we denote by vi the corresponding vertex in Ti according to the planar
structure.
Figure 7: Illustration of an element in rpT ree[5 ; 3 ; 4].
Construction 2.8. Let N = {N (n1, . . . ,nk)} be a k-fold sequence. The free k-fold infinitesimal bimodule
F
Ib ; ~O(N ), also denoted by FIb(N ) when ~O is understood, consists in labelling the vertices of k-fold reduced
pearled trees by elements in N and elements in the operads O1, . . . ,Ok . More precisely, one has
FIb(N )(~n ) =

∐
~T ∈rpT ree[~n ]
N (|p1|, . . . , |pk |)×
∏
v1∈V rp(T1)
~O(|v1|, . . . , |vk |) ×
∏
i∈{1,...,k}
v∈V c(Ti )
Oi ( |v| )

/
∼ (15)
where the equivalence relation is generated by the usual unit axiom and the compatibility relations with
the group action Σn1 × · · · × Σnk preserving the position of pearls. We denote by [T ;m ; {xv}] a point inFIb(N ). The reader can easily check that the construction so obtained for 1-fold infinitesimal bimodules is
homeomorphic to the construction of the free infinitesimal bimodule introduced in [11].
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Figure 8: Illustration of a point in the space FIb(N )(4 ; 4) with f1(x1 ) = f2(x21 ◦2 ∗0).
The k-fold infinitesimal right operation ◦ji with an element x ∈ Oi (n) consists in grafting a corolla
labelled by x into the j-th leaf of the tree Ti . If the element so obtained contains an inner edge connecting
two vertices other than a pearl, then we contract it using the operadic structure of Oi . For instance, the
composition ◦21 of the point represent in Figure 8 with an element x ∈O1(2) gives rise to
Similarly, from an element (x1, . . . ,xk) ∈ ~O, the k-fold infinitesimal left operation consists in grafting
each reduced pearled tree Ti into the first leaf of the corolla labelled by xi . If the element so obtained
contains an inner edge connecting two vertices other than a pearl, then we contract it using the op-
eradic structures of O1, . . . ,Ok as illustrated in the picture below. For instance, the composition of a point
(x1 , x2) ∈ ~O(2 , 2) with the element represented in Figure 8 gives rise to
Theorem 2.9. The pair of functors (FIb ; U ) forms an adjunction. Furthermore, the category of k-fold infinites-
imal bimodules inherits a cofibrantly generated model category structure in which all the objects are fibrant and
making the adjunction (14) into a Quillen adjunction. More precisely, a k-fold infinitesimal bimodule map f is
a weak equivalence (resp. a fibration) if the induced map U (f ) is a weak equivalence (resp. a fibration) in the
category of k-fold sequences. This model category structure is called projective model category structure.
Proof. There are many ways to prove the theorem. One of them consists in using Remark 2.4 and the fact
that the category of infinitesimal bimodules over a colored operad is already equipped with a projective
model category structure (see [12, 13]). The structure so obtained coincides with the structure described
in the theorem since the free k-fold infinitesimal bimodule functor is an alternative description of the free
infinitesimal bimodule functor over the corresponding colored operad.
Another way to prove the theorem is the transfer Theorem [3, Section 2.5] applied to the adjunction
(14). One has to check that there exists a functorial fibrant replacement and a functorial factorization of the
diagonal map in the category Ibimod ~O. Since all the objects are fibrant in the category of k-fold sequences,
the identity functor provides a functorial fibrant replacement. So, for any N ∈ Ibimod ~O, we need to prove
the existence of an object P ath(N ) ∈ Ibimod ~O such that there is a factorization of the diagonal map
∆ :N '
f1
// P ath(N )
f2
// // N ×N,
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where f1 is a weak equivalence and f2 is a fibration. Let us consider
P ath(N )(n1, . . . ,nk) =Map
(
[0 , 1] ;N (n1, . . . ,nk)
)
.
This k-fold sequence inherits a k-fold infinitesimal bimodule structure from N . The map from N to
P ath(N ), sending a point to the constant path, is clearly a homotopy equivalence. Furthermore, the map
f2 :Map
(
[0 , 1] ;N (n1, . . . ,nk)
)
−→Map
(
∂[0 , 1] ;N (n1, . . . ,nk)
)
= (N ×N )(n1, . . . ,nk)
induced by the inclusion i : ∂[0 , 1]→ [0 , 1] is a fibration since the map i is a cofibration. 
Remark 2.10. Construction 2.8 and Theorem 2.9 admit an analogue version for ~r-truncated k-fold in-
finitesimal bimodules. In that case, we need to consider the set rpT ree[~n ≤ ~r] instead of rpT ree[~n] in
Construction 2.8 where rpT ree[~n ≤ ~r] is the set of elements (T1, . . . ,Tk , ~σ ) ∈ rpT ree[~n] for which the number
of leaves plus the number of univalent vertices of Ti is smaller than ri .
2.2.2 The Reedy model category structure
We refer the reader to [16] for this section. Let Λ×k be the category whose objects are families of k finite
sets (A1, . . . ,Ak) and morphisms are families of injective maps between them. In particular, Σ×k is the sub-
category of isomorphisms of Λ×k . By a k-fold Λ-sequence, we understand a contravariant functor from
Λ×k to spaces and we denote the corresponding category by ΛSeqk . In practice, such an object is given by
a k-fold sequence N together with maps generated by applications of the form
λ∗i ; j :N (n1, . . . ,nk) −→N (n1, . . . ,nj − 1, . . . ,nk),
associated to the map
λi ; j : ({1, . . . ,n1}, . . . , {1, . . . ,nj − 1}, . . . , {1, . . . ,nk}) −→ ({1, . . . ,n1}, . . . , {1, . . . ,nj }, . . . , {1, . . . ,nk});
(l1, . . . , lk) 7−→
 (l1, . . . , lk) if lj < i,(l1, . . . , lj + 1, . . . , ll ) if lj ≥ i.
Given an element ~r = (r1, . . . , rk) ∈ Nk , we also consider the sub-category T~rΛ×k whose objects are fam-
ilies of finite sets (A1, . . . ,Ak) with |Ai | ≤ ri . An ~r-truncated Λ-sequence is a contravariant functor from
T~rΛ
×k to spaces and we denote by T~rΛSeqk the corresponding category. There is an obvious functor
T~r (−) :ΛSeqk −→ T~rΛSeqk .
The categoriesΛSeqk and T~rΛSeqk are endowed with the so called Reedy model structure. For a k-fold
(possibly truncated)Λ-sequence X, we denote byM(X) the k-fold (truncated) Σ-sequence, called matching
object of X, defined by
M(X)(~l ) = lim
u∈Λ×k< (~i ;~l)
~i<~l
X(~i )
where Λ×k< is the subcategory of Λ×k consisting of family of order preserving maps. According to [16,
Theorem 8.3.19], the categories ΛSeqk and T~rΛSeqk are endowed with a cofibrantly generated model cat-
egory structure for which weak equivalences are objectwise weak homotopy equivalences while fibrations
are morphisms f : X→ Y for which any induced map
X(~r ) −→M(X)(~l )×M(Y )(~l ) Y (~l )
is a Serre fibration in every arity where defined. As shown in [16, Theorem 8.3.20], a morphism in ΛSeqk
and T~rΛSeqk is a cofibration if and only if it is a cofibration as a morphism in Seqk and T~r Seqk , respectively.
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Let O1, . . . ,Ok be a family of reduced operads relative to a topological monoid X. From now on, we
denote by ΛIbimod ~O and T~rΛIbimod ~O the categories of k-fold infinitesimal bimodules and ~r-truncated
k-fold infinitesimal bimodules, respectively, equipped with the Reedy model category structure. This
structure is transferred from the categories ΛSeqk and T~rΛSeqk , respectively, along the adjunctions
F Λ
Ib ; ~O
:ΛSeqk  ΛIbimod ~O : U ,
T~rF ΛIb ; ~O : T~rΛSeqk  T~rΛIbimod ~O : U ,
(16)
where the free functors, also denoted by F ΛIb and T~rF ΛIb when ~O is understood, are obtained from the
functors FIb and its truncated version by taking the restriction of the coproduct (15) to the k-fold reduced
pearled trees without univalent vertices other than the pearls.
In other words, let us consider the category of k-fold infinitesimal bimodules associated to the family
of Λ-operads O>01 , . . . ,O
>0
k relative the monoid X. The Λ-operad O
>0
i is obtained from Oi by removing
the unique point in arity 0 (see [16] for more details). The forgetting maps are still well defined using the
Λ-structure of the operad O>0i . This category is denoted by Ibimod ~O>0
. Then, one has
F Λ
Ib ; ~O
(N )B F
Ib ; ~O>0
(N ), and T~r F ΛIb ; ~O(N )B T~r FIb ; ~O>0 (N ).
By construction, these objects are k-fold (truncated) infinitesimal bimodules over ~O>0. We can extend this
structure in order to get k-fold (truncated) infinitesimal bimodules over ~O using the operadic structure of
O1, . . . ,Ok or the Λ×k structure of N . For instance, the image of the point in F ΛIb (N )(4 ; 2)
through the composite map (−◦12 ∗) ◦11 ∗ :
(
F ΛIb (N )(4 ; 2)×O1(0)
)
×O2(0)→F ΛIb (N )(3 ; 1) is
Theorem 2.11. [12] One has the following properties on the Reedy model category structure:
(i) The categories ΛIbimod ~O and T~rΛIbimod ~O, with ~r ∈ Nk , admit a cofibrantly generated model category
structure, called Reedy model category structure, transferred fromΛSeqk and T~rΛSeqk , respectively, along
the adjunctions (16).
(ii) A morphism in the category of k-fold (possibly truncated) infinitesimal bimodules over ~O is a cofibration
for the Reedy model category structure if and only if it is a cofibration as a morphism of k-fold (truncated)
infinitesimal bimodules over ~O>0 equipped with the projective model structure.
Sketch of proof. We already know that this properties are trues in the context of infinitesimal bimodules
over a colored operad [12]. So, the theorem is a consequence of the description of k-fold infinitesimal
bimodules in terms of 1-fold infinitesimal bimodules over a colored operad introduced in Remark 2.4.
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2.2.3 Connections between the two model category structures and properties
In the previous sections, we introduce two model category structures, projective and Reedy, on the category
of k-fold (possibly truncated) infinitesimal bimodules over ~O. In what follows, we show that these two
structures are more or less the same homotopically speaking and induce the same derived mapping space
up to a homeomorphism (see the identification (17)). For this reason, we won’t distinguish between the
two mapping spaces and we will simply write Ibimodh
~O
(− ; −) and T~r Ibimodh~O(− ; −).
Theorem 2.12. [12] One has the following relations between the Reedy and projective model structures:
(i) One has Quillen equivalences:
id : Ibimod ~O  ΛIbimod ~O : id,
id : T~r Ibimod ~O  T~rΛIbimod ~O : id.
(ii) For any pair M and N of k-fold (possibly truncated) infinitesimal bimodules over ~O, one has equivalence
of mapping spaces
Ibimodh
~O
(M ;N )  ΛIbimodh
~O
(M ;N ),
T~r Ibimod
h
~O
(M ;N )  T~rΛIbimod
h
~O
(M ;N ).
(17)
Sketch of proof. We already know that this kind of properties are trues in the context of infinitesimal
bimodules over a colored operad. So, the theorem is a consequence of the description of k-fold infinitesimal
bimodules in terms of 1-fold infinitesimal bimodules over a colored operad introduced in Remark 2.4.
A map ~α : ~O → ~O′ between two families of operads O1, . . .Ok and O′1, . . .O′k relative to topological
monoidsX andX′ , respectively, is a family of operadic maps αi :Oi →O′i and a map of monoids α : X→ X′
such that the following diagram commutes:
Oi (1)
αi //
fi

O′i (1)
f ′i

X
α // X′
Such a map ~α is said to be a weak equivalence if the maps α, αi and the induced map
O1(A
∗
1) ×X · · · ×XOk(A
∗
k) −→O′1(A∗1) ×X · · · ×XO
′
k(A
∗
k), ∀(A1, . . . ,Ak) ∈ Σ×k ,
are weak homotopy equivalences.
Theorem 2.13. [12] For any weak equivalence ~α : ~O → ~O′ of families of reduced operads relative to monoids
with cofibrant components, one has Quillen equivalences
α!Ib :ΛIbimod ~O  ΛIbimod ~O′ : α
∗
Ib,
α!Ib : T~rΛIbimod ~O  T~rΛIbimod ~O′ : α
∗
Ib,
where α∗Ib is the restriction functor and α
!
Ib is the induction functor.
Sketch of proof. According to the notation introduced in Remark 2.4, the weak equivalence ~α : ~O → ~O′
induced a weak equivalence of colored operads α˜ : O˜→ O˜′ where O˜ and O˜′ are the colored operads associ-
ated with the families O1, . . .Ok and O
′
1, . . .O
′
k , respectively, obtained from the formula (11). Nevertheless,
a weak equivalence of colored operads with cofibrant components induces a Quillen equivalence between
the corresponding categories of infinitesimal bimodules. In other words, one has
Ibimod ~O  IbimodO˜ ↓N∗
// IbimodO˜′ ↓N∗  Ibimod ~O′ .Quillen
equivalence
oo
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2.3 The Boardman-Vogt resolution for k-fold infinitesimal bimodules
As explained in the previous section, the category of k-fold infinitesimal bimodules is endowed with a
projective model category structure in which all the objects are fibrant. Consequently, in order to compute
the derived mapping space
Ibimodh
~O
(N1 ;N2)B Ibimod ~O(N
c
1 ;N2),
we only need an explicit cofibrant replacement N c1 for any k-fold infinitesimal bimodule N1. For this
purpose, we use a kind of Boardman-Vogt resolution which is well known in the context of operads [4, 5, 6]
as well as the context of (infinitesimal) bimodules [11, 13]. Thereafter, we deduce from this cofibrant
replacement another cofibrant replacement of N1 in the Reedy model category of k-fold infinitesimal
bimodules over ~O.
Definition 2.14. The set of k-fold pearled trees
For ~n = (n1, . . . ,nk) ∈ Nk , we consider the set pT ree[~n ] of k-fold pearled trees ~T = (T1, . . . ,Tk , ~σ ) where Ti is
a pearled tree having ni leaves and ~σ ∈ Σn1 × · · · ×Σnk is a permutation labelling the leaves of the pearled
trees. According to the notation introduced in Definition 2.7, we also assume that |V rp(T1)| = |V rp(Ti )| for
all i ≤ k.
Figure 9: Illustration of an element in pT ree[6 ; 3 ; 4].
Construction 2.15. LetN be a k-fold infinitesimal bimodule over ~O. For any ~n = (n1, . . . ,nk) ∈Nk , the space
Ib ~O(N )(~n ), also denoted by Ib(N )(~n ) when ~O is understood, is defined as the quotient of the subspace of
the coproduct
∐
~T ∈pT ree[~n]
N (|p1|, . . . , |pk |) ×
∏
v1∈V rp(T1)
[
~O(|v1|, . . . , |vk |)× [0 , 1]
]
×
∏
i∈{1,...,n}
v∈V c(Ti )
[
Oi (|v|)× [0 , 1]
]
/
∼ (18)
formed by points satisfying the following condition: if e is an inner edge from v to v′ , according to the
orientation towards the pearl, then one has tv ≤ tv′ where tv and tv′ are the real numbers associated to v
and v′ , respectively. By convention, the pearls are indexed by 0. For instance, any point indexed by the
element represented in Figure 9 must satisfy to the conditions tv1 = tv2 = tv3 , tv1 ≤ tv2 and tv3 ≤ tv4 .
The equivalent relation is generated by the compatibility relations with the symmetric group action
Σn1 × · · · ×Σnk and the unit axiom. Furthermore, if two vertices connected by an inner edge e are indexed
by the same real number te, then we contract e using the operadic structures of O1, . . . ,Ok or the k-fold
infinitesimal bimodule structure of N . The vertex so obtained is indexed by te. For instance, the point in
Ib(N )(4 ; 4)
is equivalent to the following one
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The k-fold infinitesimal right operation ◦ji with an element x ∈ Oi (n) consists in grafting a n-corolla
indexed by the pair (x ; 1) into the j-th leaf of the tree Ti . Similarly, given an element (x1, . . . ,xk) in the
space ~O(n1, . . . ,nk), the k-fold infinitesimal left operation consists in grafting each pearled tree Ti into the
first leaf of the ni-corolla indexed by (xi ; 1). Moreover, one considers two maps of k-fold infinitesimal
bimodules
η : Ib(N ) −→N and τ : FIb(N ) 7−→ Ib(N ) (19)
where η sends the real numbers to 0 while τ indexes the vertices other than the pearls by 1. The reader
can easily check that the above construction for 1-fold infinitesimal bimodules is homeomorphic to the
Boardman-Vogt resolution for infinitesimal bimodules introduced in [13].
From now on, we provide a filtration of the resolution Ib(N ) according to the number of geometrical
inputs which is the number of leaves plus the number of univalent vertices other than the pearls. A point
in Ib(N ) is said to be prime if the real numbers indexing the vertices are strictly smaller than 1. Besides,
a point is said to be composite if one of the real numbers is 1 and such a point can be associated to a prime
component. More precisely, the prime component is obtained by cutting the vertices indexed by 1. For
instance, the prime component associated to the composite point
is given by the following element
For ~n = (n1, . . . ,nk) ∈ Nk , a prime point, indexed by an element (T1, . . . ,Tk ,σ ), is in the ~n-th filtration
term Ib(N )[~n ] if Ti has at most ni geometrical inputs. Then, a composite point is in the ~n-th filtration
term if its prime component is in Ib(N )[~n ]. For instance the composite point above is in Ib(N )[3 ; 4]. By
construction, Ib(N )[~n ] is a k-fold infinitesimal bimodule and, for each pair ~m ≤ ~n, there is an inclusion of
k-fold infinitesimal bimodules
ι[ ~m ≤ ~n] : Ib(N )[ ~m ] −→ Ib(N )[~n ]. (20)
Theorem 2.16. Let N be a k-fold infinitesimal bimodule over ~O. If ~O and N are cofibrant as k-fold sequences,
then Ib(N ) and T~r (Ib(N )[~r ]) are cofibrant replacements of N and T~r (N ) in the projective model categories
Ibimod ~O and T~r Ibimod ~O, respectively. In particular, the maps η and τ (see (19)) are, respectively, a weak
equivalence and a cofibration.
Sketch of proof. There are many ways to prove this theorem. One of them consists in using Remark 2.4
and the fact that the Boardman-Vogt resolution introduced in Construction 2.15 is homeomorphic to the
Boardman-Vogt resolution introduced [13] in the category of infinitesimal bimodules over the appropri-
ated colored operad.
We can also check by hand the theorem. In that case the strategy is the following: the map η induces a
homotopy equivalence in the category of k-fold sequences in which the homotopy consists in bringing the
real numbers indexing the vertices to 0. For the truncated case, we need first to contract the inner edges
which are not connected to a leaf because the homotopy sending the real numbers to 0 doesn’t necessarily
preserve the number of geometrical inputs. On the other hand, the maps µ and ι[ ~m ≤ ~n] can be proved to
be cofibrations in the category of k-fold infinitesimal bimodules by induction on the number of vertices of
k-fold pearled trees.
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2.3.1 Boardman-Vogt resolution in the Λ×k setting
From now on, we fix a family of reduced operads O1, . . . ,Ok relative to a topological monoid X and we
adapt the construction in the previous section to produce cofibrant replacements in the category of k-fold
infinitesimal bimodules equipped with the Reedy model category structure. According to the notation
introduced in Section 2.2.2, we set
IbΛ~O(N )B Ib ~O>0 (N ).
In other words, this k-fold sequence, also denoted by IbΛ(N ) when ~O is understood, is obtained by taking
the restriction of the coproduct (18) to the k-fold pearled trees without univalent vertices other than the
pearls. By construction, it is a k-fold infinitesimal bimodule over ~O>0. Similarly to the free functor in the
previous section, we can extend this structure in order to get a k-fold infinitesimal bimodule over ~O using
the operadic structure of O1, . . . ,Ok and the Λ×k structure of M. Furthermore, the k-fold infinitesimal
bimodule maps over ~O>0
η : IbΛ(N ) −→N and τ : F ΛIb (N ) 7−→ IbΛ(N ), (21)
respect theΛ×k structure. In the same way, the filtration (20) gives rise to a filtration of k-fold infinitesimal
bimodules over ~O>0
ι[ ~m ≤ ~n] : IbΛ(N )[ ~m ] −→ IbΛ(N )[~n ],
compatible with the right action by Oi (0). So, this is a filtration of k-fold infinitesimal bimodules over ~O.
Theorem 2.17. Let N be a k-fold infinitesimal bimodule over ~O. If ~O and N are cofibrant as k-fold sequences,
then IbΛ(N ) and T~r (IbΛ(N )[~r ]) are cofibrant replacements of N and T~r (N ) in the Reedy model categories
ΛIbimod ~O and T~rΛIbimod ~O, respectively. In particular, the maps η and τ (see (21)) are, respectively, a weak
equivalence and a cofibration.
Proof. It is a consequence of Theorems 2.11 and 2.16. 
3 Multivariable manifold calculus and embeddings spaces
In [1], Arone and Turchin show that the Goodwillie-Weiss tower associated to embedding spaces is related
to derived mapping spaces of truncated 1-fold infinitesimal bimodules over the little cubes operad. In
this section, we extend this result to embedding spaces whose source object is a manifold with many
components (not necessarily the same dimension) using a multivariable version of the Goodwillie-Weiss
manifold calculus theory introduced by Munson and Volic in [24]. More precisely, the main result of this
section is the following one:
Theorem 3.1. Let d1 ≤ . . . ≤ dk < n be a family of integers. Then, one has
T~r L(d1, . . . ,dk ; n) ' T~r Ibimodh~O
(
O ;Rkn
)
, for any ~r ∈ (Nunionsq {∞})k ,
L(d1, . . . ,dk ; n) ' Ibimodh~O
(
O ;Rkn
)
, if dk + 3 ≤ n,
where Rkn is the k-fold infinitesimal bimodule introduced in Example 2.6 ; ~O and O are the k-fold sequences
associated to the family of reduced operads Cd1 , . . . ,Cdk relative to Cn(1) and the functor T~r associated to the em-
bedding space (which is not the truncated functor) is the ~r-th polynomial approximation which will be introduced
in the next subsections.
The first subsection is devoted to the multivariable manifold calculus theory associated to a contravari-
ant functor of the form F : O(unionsqiMi ) → T op. We consider two cases: Mi is a compact smooth manifold
and Mi = Rdi . Then, we give an alternative definition of k-fold infinitesimal bimodules in terms of con-
travariant functors. This description is used to show that, under some conditions, a contravariant functor
F produces a k-fold infinitesimal bimodule. In the last subsection, we identify F with a derived mapping
space of k-fold infinitesimal bimodules and we prove the above theorem.
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3.1 Multivariable manifold calculus theory
As recalled in the introduction, the theory of manifold calculus of functors developed by Weiss [34] and
Goodwillie-Weiss [20] provides an approximation of contravariant functors F : O(M)→ T op, where M is
a smooth manifold and O(M) the poset of its open subsets. More precisely, they build the following tower
of fibrations
F
||  "" ((
T0F T1Foo T2Foo T3Foo · · ·oo
which converges to F under some conditions on the functor. By converging, we mean that the induced
natural transformation F→ T∞F, where T∞F is the limit of the tower, is pointwise weak homotopy equiv-
alence. The r-th polynomial approximation TrF has the advantage to be easier to understand than the
initial functor F. For instance, Arone and Turchin [1, Theorem 5.9] prove that TrF can be identified with
derived mapping space of infinitesimal bimodules (or just right modules depending on the context) over
the little cubes operad.
Thereafter, Munson and Volic [24] extend this theory to the context of contravariant functors F :
O(M) → T op where M is now a disjoint union of compact smooth manifolds M = ∐iMi and they use
it to build an explicit cosimplicial replacement for the space of links [25]. This section is subdivides into
two parts. The first one is devoted to recall the theory for compact smooth manifolds. Then, we consider
a "compactly supported" version in order to study the particular case M =
∐
i R
di .
3.1.1 Case 1: Compact smooth manifolds M =
∐
iMi
From now one, we fixM1, . . . ,Mk to be compact smooth manifolds of dimension d1, . . . ,dk , respectively. We
denote by O(∐iMi ) the poset of open subsets of ∐iMi . By using the identification
O
( ∐
1≤i≤k
Mi
)  // ∏
1≤i≤k
O(Mi );
U  // ~U = (U ∩M1, . . . ,U ∩Mk),
any contravariant functor F : O(∐iMi )→ T op can be seen as a functor on a single variable or as a mul-
tivariable functor. Following the notation introduced by Munson and Volic, we say that such a functor is
good if the following two conditions hold:
(i) F takes isotopy equivalences to weak equivalences,
(ii) for any sequences ~U0 ⊂ ~U1 ⊂ · · · , with ~Ui = (U1i , . . . ,Uki ) ∈
∏
iO(Mi ), one has a homotopy equivalence
F(∪ ~Ui ) −→ holimi F(~Ui ).
A good contravariant functor F : O(∐iMi )→ T op is said to be polynomial of degree ~r = (r1, . . . , rk) if F
is polynomial of degree ri along the i-th variable. In other words, for any open subsets Uj ∈ O(Mj ), with
j , i, and any cubical diagram D : {0; 1}ri+1→O(Mi ) for which the natural map
colim
{0;1}ri+1∅
D(−) −→D(1, . . . ,1), with {0; 1}ri+1∅ B {0; 1}ri+1 \ (1, . . . ,1),
is an isotopy equivalence, then the following map must be a homotopy equivalence:
F(U1, . . . ,D(1, . . . ,1), . . . ,Uk) −→ holim
{0;1}ri+1∅
F(U1, . . . ,D(−), . . . ,Uk).
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Definition 3.2. The polynomial approximation for compact manifolds
For any ~r = (r1, . . . , rk) ∈ Nk and ~U = (U1, . . . ,Uk) ∈ O(
∐
iMi ), we denote by O~r (~U ) the poset formed by
elements (V1, . . . ,Vk) ∈ O(~U ) for which Vi is diffeomorphic to at most ri disjoint open cubes of dimension di .
Equivalently, O~r (~U ) can be defined as the poset consisting of families of smooth embeddings Ai ×Idi ↪→Ui ,
whereAi is a set with at most ri elements and Idi is the open unit cube of dimension di . The ~r-th polynomial
approximation of F is the contravariant functor T~r F : O(
∐
iMi )→ T op given by the formula
T~r F(~U )BholimO~r (~U )
F(−).
Theorem 3.3. [24, Theorems 4.14 and 4.16] One has the following properties:
(1) T~r F is polynomial of degree ~r.
(2) If F is polynomial of degree ~r, then F→ T~r F is a homotopy equivalence.
(3) If F is polynomial of degree ~r, then F is also polynomial of degree ~s, with ~r ≤ ~s.
(4) The map F(~U )→ T~r F(~U ) is a weak equivalence for any ~U ∈ O~r (M). Moreover, T~r F is characterized (up to
equivalence) as the polynomial functor of degree ~r with this property.
Example 3.4. As explained in [24, Theorem 4.19], for any smooth manifold N of dimension n, the con-
travariant functor associated to the space of immersions Imm(
∐
iMi ;N ) is polynomial of degree (1, . . . ,1)
while the contravariant functor associated to the embedding space Emb(
∐
iMi ;N )
Emb(− ;N ) : O(∐iMi ) −→ T op
is not polynomial of degree ~r for any ~r ∈ Nk . However, if di + 3 ≤ n for all i ∈ {1, . . . , k}, then the following
map is a homotopy equivalence:
Emb(
∐
iMi ;N ) −→ T~∞Emb(
∐
iMi ;N ).
3.1.2 Case 2: Compactly supported version M =
∐
i R
di
For the present work, we need to consider a "compactly supported" version of multivariable manifold
calculus for subsets of M =
∐
i R
di , in order to study functors that are invariant with respect to isotopies
with bounded support.
In what follows, we denote by O∂(M) = O∂(
∐
i R
di ) the poset of open subsets of
∐
i R
di whose com-
plement is bounded. A morphism (U1, . . . ,Uk) = U → V = (V1, . . . ,Vk) is said to be an isotopy equivalence
if there are smooth embeddings Vi → Ui , that coincide with the identity outside a bounded subset of Vi
such that both compositions are isotopic to the identity via an isotpy which is constant outside a bounded
subset.
The notion of good contravariant functor F : O∂(
∐
i R
di )→ T op as well as the notion of polynomial func-
tor of degree ~r are defined similarly to the previous case. We only need to consider the poset O∂(
∐
i R
di )
instead of the poset O(∐iMi ) in the definitions.
Definition 3.5. Compactly supported version of the polynomial approximation
For any ~r = (r1, . . . , rk) ∈ Nk and ~U = (U1, . . . ,Uk) ∈ O∂(
∐
i R
di ), we denote by O∂ ;~r (~U ) the poset formed
by elements (V1, . . . ,Vk) ∈ O(~U ) for which Vi is diffeomorphic to at most ri disjoint open cubes and one
anti-cube (complementary of the closed unit cube) of dimension di .
Equivalently, the poset consists of families of compactly supported smooth embeddings A∗i  Idi ↪→Ui ,
where A∗i = Ai unionsq {∗} is a pointed set marked by ∗. Here, A∗i  Idi is the disjoint union of |Ai | open cubes
labelled by the set Ai and one anti-cube associated to the marked element. By "compactly supported", we
means that the embeddings are required to agree with the identity on the anti-cube outside a bounded set.
So, the ~r-th polynomial approximation of F is given by the formula
T~r F(~U )B holimO∂ ;~r (~U )
F(−). (22)
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Theorem 3.6. The properties in Theorem 3.3 are true for good contravariant functors F : O∂(
∐
i R
di )→ T op.
Sketch of proof. Similarly to [24], the properties can be proved by induction on the number of variables
using the fact that the polynomial approximation (22) can be rewritten as follows:
T~r F(~U )B holimO∂ ;r1 (U1)
(
· · ·
(
holim
O∂ ;rk (Uk )
F(−)
)
· · ·
)
.
Definition 3.7. Standard embeddings
A standard isomorphism of Rn is a self homeomorphism that is the composition of a translation and a
multiplication by a positive scalar. Let X be a subspace of Rn. An embedding f : X → Rn is called a
standard embedding if the restriction of f to any connected component of X coincides with the inclusion
followed by a standard isomorphism of Rn.
More generally, if Y is another subset of Rn, then a standard embedding from X to Y is a standard em-
bedding of X into Rn whose image lies in Y . We denote by sEmb(X ; Y ) the space of standard embeddings
from X into Y . For instance, as a symmetric sequence, one has the following identification:
Cd (A) = sEmb
(
A× [0 , 1]d ; [0 , 1]d
)
, for any finite set A.
Definition 3.8. Context-free functors
Let M be the topologically enriched category whose objects are families of pairs ((U1 , U ∗1), . . . , (Uk , U ∗k )),
where Ui is disjoint unions (possibly empty) of open subsets of Rdi and U ∗i is a connected component of Ui
that is the complement of a compact subset. Morphisms from ((U1 , U ∗1), . . . , (Uk , U ∗k )) to ((V1 , V ∗1), . . . , (Vk , V ∗k ))
are standard embeddings from Ui to Vi that take U ∗i to V ∗i .
Let F be a good contravariant functor fromO∂(
∐
i R
di ) to spaces. We say that F is context-free if it factors
(up to natural equivalence) through the category M. In other words, there is a contravariant functor
F′ :M→ T op such that F is weakly equivalent to the composed functor
O∂(
∐
i R
di ) // M F′ // T op.
Example 3.9. Similarly to the compact case, the reader can check that the contravariant functor associ-
ated to the space of immersions compactly supported Immc(
∐
i R
di ; Rn) is polynomial of degree (1, . . . ,1)
and context-free. If there no ambiguity about the dimensions d1, . . . ,dk ,n, then we denote by L(−) the
contravariant functor associated to the space L(d1, . . . ,dk ; n) given by
L( ~U ) = hof ib
(
Embc
(
~U ; Rn
)
−→ Immc
(
~U ; Rn
))
.
Similarly to the compact case, we can prove by induction that the functors
Embc(− ; Rn), L(−) : O∂(
∐
i R
di ) −→ T op
are context-free but there are not polynomial of degree ~r for any ~r ∈ Nk . However, if di + 3 ≤ n for all
i ∈ {1, . . . , k}, then the following maps are homotopy equivalences:
Embc(
∐
i R
di ; Rn) −→ T~∞Embc(
∐
i R
di ; Rn),
L(d1, . . . ,dk ; n) −→ T~∞L(d1, . . . ,dk ; n).
3.2 A k-fold infinitesimal bimodule as a contravariant functor
In order to compare Goodwillie-Weiss calculus towers with derived mapping spaces of 1-fold infinitesimal
bimodules, Arone and Turchin [1, Proposition 3.9] identify the category IbimodO with an enriched cate-
gory of contravariant functors from a small category Γ (O) to topological spaces. In the following, we adapt
this method for k-fold infinitesimal bimodules and the multivariable Goodwillie-Weiss calculus. First, we
recall the definition of the category Γ (O).
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Definition 3.10. The small category Γ (O)
Let O be a reduced operad and let Γ (O) be the category enriched over T op whose objects are finite pointed
set. By convention, we denote by ∗A the marked element in the pointed set A. The space of morphisms
between the two pointed sets A and B is given by
Γ (O)(A ; B) =
∐
α:A→B
∏
b∈B
O(α−1(b) )
where the coproduct is indexed by pointed maps. The composition law is not the usual one. Let us fix two
pointed maps α : A→ B and β : B→ C. We need a map of the form∏
c∈C
O(β−1(c) )×
∏
b∈B
O(α−1(b) ) −→
∏
c∈C
O( (β ◦α)−1(c) ).
For this purpose, we rewrite the left hand term as follows:
O(α−1(∗B) )×O(β−1(∗C ) )×
∏
b∈β−1(∗C )\{∗B}
O(α−1(b) )
︸                                                             ︷︷                                                             ︸
Part 1
×
∏
c∈C\{∗C }
O(β−1(c) )×
∏
b∈β−1(c)
O(α−1(b) )
︸                                    ︷︷                                    ︸
Part 2
.
In Part 2, we use the operadic structure of O in order to get an element in O( (β ◦α)−1(c) ) with c , ∗C . In
Part 1, first we use the composition O(α−1(∗B) ) ◦∗A O(β−1(∗C ) ) followed by the operadic composition ◦b,
with b ∈ β−1(∗C ) \ {∗B} in order to compose the other points.
Definition 3.11. The small category Γ ( ~O)
Let O1, . . . ,Ok be a family of reduced operads relative to a topological monoid X. Let Γ ( ~O) be the category
enriched over T op whose objects are families of pointed sets of the form ~A = (A1, . . . ,Ak). By convention,
we denote by ∗Ai the marked element in the pointed set Ai . The space of morphisms between two families
~A = (A1, . . . ,Ak) and ~B = (B1, . . . ,Bk) is given by the formula
Γ ( ~O)(~A ; ~B)B Γ (O1)(A1 ; B1) ×
X
· · · ×
X
Γ (Ok)(Ak ; Ak), (23)
where the product over X is obtained using the composite map
Γ (Oi )(Ai ; Bi ) =
∐
α:Ai→Bi
∏
b∈Bi
Oi (α
−1(b) ) −→
∐
α:Ai→Bi
Oi (α
−1(∗Bi ) ) −→
∐
α:Ai→Bi
Oi (∗Ai ) −→ X
The composition law is obtained from the composition law on each factor Γ (Oi )(Ai ; Bi ). The reader can
easily check that the composition so obtained is still well defined.
Proposition 3.12. The category of k-fold infinitesimal bimodules over ~O is equivalent to the category of con-
travariant functors from Γ ( ~O) to topological spaces.
Proof. First, let N be a k-fold infinitesimal bimodule. We will associate with N an enriched contravariant
functor N : Γ ( ~O)→ T op. It is defined on objects of Γ ( ~O) by the formula
N (A1, . . . ,Ak)BN (A1 \ {∗A1 }, . . . ,Ak \ {∗Ak }).
Let ~A = (A1, . . . ,Ak) and ~B = (B1, . . . ,Bk) be two objects in the category Γ ( ~O). To describe the action of N on
morphisms, we need to construct continuous maps
N (~B)× Γ ( ~O)(~A ; ~B) −→N (~A)
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that are associative and unital with respect to composition in Γ ( ~O). Since the category of topological
spaces is obviously enriched, tensored and cotensored over itself, it follows that the product distributes
over coproducts. So, our task is equivalent to constructing morphisms
O(α−11 (∗B1 ) ) ×X · · · ×XO(α
−1
k (∗Bk ) )︸                                    ︷︷                                    ︸
‖
~O(α−11 (∗B1 ) \ {∗A1 }, . . . ,α−1k (∗Bk ) \ {∗Ak } )
×N (~B)×
∏
i∈{1,...,k}
b∈Bi\{∗Bi }
O(α−1i (b) ) −→N (~A),
where αi : Ai → Bi is a pointed map. Nevertheless, this map can be defined using the k-fold infinitesimal
bimodule structure of N . Furthermore, the operation so obtained respect the composition in Γ ( ~O).
Conversely, suppose that N : Γ ( ~O)→ T op is an enriched contravariant functor. We need to associate
with it a k-fold infinitesimal bimodule N . Objectwise, N is defined as
N (A1, . . . ,Ak) =N (A
∗
1, . . . ,A
∗
k), for any (A1, . . . ,Ak) ∈ Σ×k .
The k-fold left infinitesimal bimodule operations
µ : ~O(B1, . . . ,Bk)×N (A1, . . . ,Ak) −→N (A1 unionsqB1, . . . ,Ak unionsqBk)
are obtained using the pointed maps αi : (Ai unionsqBi )∗→ A∗i sending a ∈ Ai to itself and the other elements to
the base point ∗ ∈ A∗i . The functor N , applied to the family of maps {αi }, gives rise to an operation of the
form
O(α−11 (∗) ) ×X · · · ×XO(α
−1
k (∗) )︸                              ︷︷                              ︸
‖
~O(B1, . . . ,Bk)
× N (A∗1, . . . ,A∗k)︸           ︷︷           ︸
‖
N (A1, . . . ,Ak)
×
∏
i∈{1,...,k}
a∈Ai
Oi (1) −→N ((A1 unionsqB1)∗, . . . , (Ak unionsqBk)∗)︸                               ︷︷                               ︸
‖
N (A1 unionsqB1, . . . ,Ak unionsqBk)
.
By taking the unit ∗1 ∈ Oi (1), we get exactly the operation researched. In the same way, we can define the
k-fold right infinitesimal operations making N into k-fold infinitesimal bimodule over ~O. The reader can
check that the composition law in the category Γ ( ~O) and the k-fold infinitesimal bimodule’s axioms are
compatible. 
3.2.1 The particular case of the little cubes operads
For the rest of this section, ~O and O are the k-fold sequences (8) and (12), respectively, associated to the
family of reduced operads Cd1 , . . . ,Cdk relative to the monoid Cn(1) with di < n for all i ∈ {1, . . . , k}. Without
loss of generality, we assume that d1 ≤ · · · ≤ dk . This section is devoted to give an alternative description of
the category Γ ( ~O) using open cubes and anti-cubes.
First, let us notice a property which is specific to the little cubes operads. Indeed the following propo-
sition implies that any 1-fold infinitesimal bimodule over the n-dimensional little rectangles operad Rd
inherits a k-fold infinitesimal bimodule structure over the families of the little cubes operads Cd1 , . . . ,Cdk
relative to the monoid Cn(1) as illustrated in Example 2.6.
Proposition 3.13. There exist a covariant functor D : Γ ( ~O )→ Γ (Rn ).
Proof. On the objects, the functor D sends a family of pointed sets ~A = (A1, . . . ,Ak) to the pointed set
D( ~A ) = {∗} unionsq
⊔
1≤i≤k
Ai \ {∗Ai }.
Let ~A and ~B be two families of pointed sets. We consider a point ~x = ({xb1 }, . . . , {xbk }) ∈ Γ ( ~O)( ~A ; ~B ) indexed
by the family of pointed maps ~αB {αi : Ai → Bi }. According to our notation, one has
{xbi } ∈
∏
bi∈Bi
Cdi (α−1i (bi )).
26
Finally, D(~x ) = {yb}b∈D( ~B ) is the element in Γ (Rn)(D( ~A ) ;D( ~B )) indexed by the pointed map
D( ~α ) : {∗} unionsq
⊔
1≤i≤k
Ai \ {∗Ai } −→ {∗} unionsq
⊔
1≤i≤k
Bi \ {∗Bi }
∗ 7−→ ∗
ai ∈ Ai \ {∗Ai } 7−→
 αi (ai ) if αi (ai ) , ∗Bi ,∗ otherwise.
If b = bi ∈ Bi \{∗Bi }, then yb = κi (xbi ) where κi is the composite map of operads κi : Cdi →Cdk ↪→Rdk →Rn.
However, if b = ∗, then yb is obtained using the map (13):
y∗ = ε(x∗B1 , . . . ,x∗Bk ), since (x∗B1 , . . . ,x∗Bk ) ∈ ~O
(
α−11 (∗B1 ), . . . ,α−1k (∗Bk )
)
.
Thus finishes the proof of the proposition. 
From now on, we denote by In the unit open cube of dimension n and we denote by Icn B Rn \ [0 , 1]n
the anti-cube of dimension n. By definition, one has a description of the space of morphisms (23) in terms
of standard embeddings (see Definition 3.7)
Γ ( ~O )( ~A ; ~B )  sEmb
(
A1 × Id1 ; B1 × Id1
) 
sEmb
(
Id1 ; Id2
) · · · · · · 
sEmb
(
Idk−1 ; Idk
)sEmb(Ak × Idk ; Bk × Idk ), (24)
where the map from sEmb(Ai × Idi ; Bi × Idi ) to sEmb(Idi ; Idi+1 ) is obtained by taking the standard embed-
ding associated to the marked element followed by the inclusion Rdi → Rdi+1 . Similarly, the map from
sEmb(Ai+1 × Idi+1 ; Bi+1 × Idi+1 ) to sEmb(Idi ; Idi+1 ) is obtained by taking the inclusion Rdi → Rdi+1 followed
by the standard embedding associated to the marked element. The composite law is still the same.
The next proposition shows that if we change slightly the definition of the space (24) using the anti-
cube, then we can simplify the composition of the category Γ ( ~O ). In that case, the new composition law
is the ordinary composition of standard embeddings. For any pointed set A, we consider the following
notation for the disjoint union of |A| − 1 open cubes and one anti-cube:
A In B
[
(A \ {∗A})× In
]∐
Icn.
Proposition 3.14. The category Γ ( ~O ) is equivalent to the category ( also denoted by Γ ( ~O ) by abuse of notation)
whose objects are families of pointed set ~A = (A1, . . . ,Ak) and the space of morphisms from ~A to ~B is
sEmb
(
A1  Id1 ; B1  Id1
) 
sEmb
(
Icd1
; Icd2
) · · · · · · 
sEmb
(
Icdk−1 ; I
c
dk
)sEmb(Ak  Idk ; Bk  Idk ),
where the map from sEmb(Ai+1 Idi+1 ; Bi+1 Idi+1 ) is obtained by taking the inclusion R
di → Rdi+1 followed by
the the standard embedding associated to the anti-cube. The map from sEmb(AiIdi ; BiIdi ) to sEmb(I
c
di
; Icdi+1
)
is obtained by taking the standard embedding associated to the anti-cube followed by the usual inclusion of spaces
Rdi → Rdi+1 . In that case, the composite law is just ordinary composition of standard embeddings.
Proof. In [1, Proposition 4.9], Arone and Turchin prove the above statement for Γ (Cn). The same arguments
work for the family of reduced operads. 
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Example 3.15. In what follows, we list the main examples of contravariant functor from Γ ( ~O ) to spaces:
(1) Let F be a good, contravariant and context-free functor from O∂(unionsqiRdi ) to spaces. So, F can be seen as a
contravariant functor fromM (see Definition 3.8) to spaces. Since the category described in the previous
proposition can be interpreted as a subcategory of M by sending any family of pointed sets ~A to the
element (
(A1  Id1 ; I
c
d1
), . . . , (Ak  Idk ; I
c
dk
)
)
∈M,
the functor F produces a contravariant functor from Γ ( ~O ) to spaces.
(2) Let ~U be an element in O∂(unionsqiRdi ). We consider the contravariant functor sEmb(− ; ~U ) from Γ ( ~O ) to
spaces given by the formula
~A = (A1, . . . ,Ak) 7−→
∏
1≤i≤k
sEmb(Ai  Idi ; Ui ).
Furthermore, in the context of 1-fold infinitesimal bimodules, Arone and Turchin [1, Lemma 4.11] show
that sEmb(− ; Rdi ) and the little cubes operad Cdi are weakly equivalent as infinitesimal bimodules over
Cdi . Similarly, sEmb(− ; unionsqiRdi ) and O are weakly equivalent as k-fold infinitesimal bimodules.
(3) Let ~U be an element in O∂(unionsqiRdi ). We consider the contravariant functor sEmb∗(− ; ~U ) from Γ ( ~O ) to
spaces given by the formula
~A = (A1, . . . ,Ak) 7−→ sEmb
(
A1  Id1 ; U1
) 
sEmb
(
Icd1
; Icd2
) · · · · · · 
sEmb
(
Icdk−1 ; I
c
dk
)sEmb(Ak  Idk ; Uk),
where the product is defined as in Proposition 3.14. Furthermore, there is a natural transformation in-
duced by the inclusion from sEmb∗(− ; ~U ) to sEmb(− ; ~U ) which is obviously a weak equivalence objectwise.
So, sEmb∗(− ; ~U ) and sEmb(− ; ~U ) are weakly equivalent as k-fold infinitesimal bimodules.
3.3 Embedding spaces as mapping spaces of k-fold infinitesimal bimodules
This section is devoted to the proof of Theorem 3.1. First, we give a general statement which is valuable
for any good, contravariant context-free functor. Then, we show that Theorem 3.1 is a consequence of the
proposition below applied to the contravariant functors L (see Example 3.9).
Proposition 3.16. Let F be a good, contravariant and context-free functor from O∂(unionsqiRdi ) to spaces. Due to
Example 3.15, F can be seen as a k-fold infinitesimal bimodule. Then, for any ~r ∈ Nk and ~U ∈ O∂(unionsqiRdi ), one
has the weak homotopy equivalence
T~r F(~U ) ' T~r Ibimodh~O
(
sEmb(− ; ~U ) ; F(−)
)
. (25)
Proof. We adapt the proof of [1, Proposition 5.9]. Let ~V = (V1, . . . ,Vk) be an object in Γ ( ~O ), where Vi is
the disjoint union of one anti-cube and si open cubes of dimension di , with si ≤ ri . Then we consider
the functor from M to spaces ~U 7→ sEmb(~V ; ~U ) (see the second point in Example 3.15). Notice that it is
naturally equivalent to the functor that associated to ~U the product of configuration spaces of si-tuples of
points in Ui , with i ∈ {1, . . . , k}. In other words, one has
sEmb(~V ; ~U ) '
∏
1≤i≤k
Conf (si ; Ui ).
It follows that it is an isotopy functor in the sense that if ~U → ~U ′ is a standard embedding that happens to
be an isotopy equivalence, then the induced map
sEmb(~V ; ~U )→ sEmb(~V ; ~U ′)
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is a homotopy equivalence. It also takes filtered unions to filtered homotopy colimits. Furthermore, it
is easy to check that this functor of ~U is polynomial of degree ~r. As a consequence, for any space Y , the
contravariant functor
~U 7−→Map
(
sEmb(~V ; ~U ) ; Y
)
is also polynomial of degree ~r. Moreover, using the explicit description (18) of the cofibrant replacement
in the projective model category of k-fold infinitesimal bimodules, we can identified the derived map-
ping space of k-infinitesimal bimodules in (25) with the "homotopy" limit of mapping space of the form
Map(sEmb(~V ; ~U ) ; Y ). Consequently, the derived mapping space is also a good, contravariant functor that
is polynomial of degree ~r.
According to point (4) of Theorem 3.3 and since the derived mapping space is polynomial of degree
~r, we only need to check that the natural transformation from F to the derived mapping space is a weak
equivalence for any element in O∂ ;~r (unionsqiRdi ). Let us start with an element ~U ∈ O∂ ;~r (unionsqiRdi )∩ Γ ( ~O), where
Γ ( ~O) is seen as a subcategory of M. In other words, Ui is the disjoint union of ri open cubes and one
anti-cube. Then, we consider the following commutative diagram
F( ~U ) //
))
T~r Ibimod
h
~O
(
sEmb∗(− ; ~U ) ; F(−)
)
T~r Ibimod
h
~O
(
sEmb(− ; ~U ) ; F(−)
)
OO
The right vertical map is a weak equivalence since sEmb∗(− ; ~U ) and sEmb(− ; ~U ) are weakly equivalent as
k-fold infinitesimal bimodules. The upper horizontal map is also a weak equivalence using the enriched
Yoneda lemma together with the fact that sEmb∗(− ; ~U ) is a representable contravariant functor from Γ ( ~O )
to spaces. So, the diagonal map in the above diagram is a weak equivalence too. Finally, since F and the
functor associated to the derived mapping space are good and since any element in O∂ ;~r (unionsqiRdi ) is isotopy
equivalent to an element in O∂ ;~r (unionsqiRdi )∩ Γ ( ~O), the map from F to the derived mapping space is a weak
equivalence for any element in O∂ ;~r (unionsqiRdi ). 
Proof of Theorem 3.1. We recall that L is the contravariant functor associated to the space L(d1, . . . ,dk ; n).
It is a good and context-free functor. As a consequence of Theorem 3.16, one has the following weak
homotopy equivalence:
T~r L(d1, . . . ,dk ; n) = T~r L(
∐
1≤i≤k
Rdi ) ' T~r Ibimodh~O
(
sEmb(− ;
∐
1≤i≤k
Rdi ) ; L(−)
)
.
As explained in Example 3.15, the functor sEmb(− ; unionsqiRdi ) is weakly equivalent to O as k-fold infinitesimal
bimodules. Unfortunately, the functor L is not directly related to the k-fold infinitesimal bimoduleRkn. To
solve this problem, let us consider some hyperplans H1, . . . ,Hk of Rn of dimension d1, . . . ,dk , respectively.
Since d1 ≤ · · · ≤ dk < n, we can suppose that the hyperplans are parallel along the last coordinate. Then, we
introduce the functor
Embst(− ; Rn) : O∂ ;~r (unionsqiRdi ) −→ T op,
defined as the homotopy fiber of the inclusion Embst(~U ; Rn)→ Immst(~U ; Rn), where Embst(~U ; Rn) is the
space of smooth embeddings f B {fi : Ui → Rn} in which fi agree, outside a bounded set, with a standard
embedding into Hi , followed by the inclusion into Rn. The space Immst(~U ; Rn) is defined in the same way.
The functor so obtained is context-free and the natural transformation induced by the inclusion
L(−) −→ Embst(− ; Rn)
is a weak equivalence of k-fold infinitesimal bimodules. Similarly to [1, Theorem 5.10], one has a weak
equivalence of k-fold infinitesimal bimodules between Embst(− ; Rn) and Rkn. Thus finishes the proof of
the first part of the theorem. The second part is a consequence of Example 3.9. 
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4 The model category of k-fold bimodules
In [13], we prove that the derived mapping space of 1-fold infinitesimal bimodules over the little cubes
operad Cd is weakly equivalent to an explicit d-iterated loop space using mapping space of bimodules.
In order to get a similar statement in the context of k-fold infinitesimal bimodules, we introduce in this
section the notion of k-fold bimodule over a family of reduced operadsO1, . . . ,Ok relative to another operad
O. Similarly to Section 2, we consider two model category structures and we build explicit cofibrant
resolutions in both cases.
4.1 The category of "truncated" k-fold bimodules
We consider a particular set of cardinality −1 denoted by + and called the augmented set. Let Σ×k+ be the
category of families (A1, . . . ,Ak) of k finite sets (possibly augmented) different to (+, . . . ,+) and families of
isomorplisms between them. A k-fold augmented sequence is a functor M from Σ×k+ to spaces. We will
write M(n1, . . . ,nk), with ni ∈Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+), for the space M(A1, . . . ,Ak) where
Ai =
 {1, . . . ,ni } if ni , +,+ if ni = +.
In practice, a k-fold augmented sequence is given by a family of topological spaces M(n1, . . . ,nk), with
ni ∈ Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+), together with actions of the symmetric groups: for each element
σ ∈ Σn1 × · · · ×Σnk , there is a continuous map
σ ∗ :M(n1, . . . ,nk) −→ M(n1, . . . ,nk);
x 7−→ x · σ,
satisfying some relations. By convention, we assume that Σ+ = ∗ and we denote by Seq+k the category of
k-fold augmented sequences.
Given an element ~r = (r1, . . . , rk) ∈Nk , we also consider the category T~r Σ×k+ whose objects are families of
finite sets, possibly augmented, (A1, . . . ,Ak) with |Ai | ≤ ri . The category of ~r-truncated k-fold augmented
sequences, denoted by T~r Seq
+
k , is formed by covariant functors from T~r Σ
×k
+ to spaces. Furthermore, there
is an obvious functor
T~r (−) : Seq+k −→ T~r Seq+k .
Definition 4.1. The family of spaces ~OS
Let fi : Oi → O, with i ∈ {1, . . . , k}, be a family of operadic maps between reduced operads. The family of
operads O1, . . . ,Ok is said to be relative to the operad O. Let P+(A) be the poset of subsets of A plus the
augmented set +. We also consider the set Pk(A) formed by families S = {S1, . . . ,Sk}, with Si ∈ P+(A) such
that, for each a ∈ A, one of the following condition is satisfied:
i) ∀i ∈ {1, . . . , k} the element a is contained in Si ;
ii) there exists a unique i ∈ {1, . . . , k} such that a ∈ Si .
For any element S ∈ Pk(A), we introduce the space
~OS (S1, . . . ,Sk)B
 {xl } ∈
∏
1≤i≤k
Si,+
Oi (Si )
∣∣∣∣∣∣∣∣∣∣∣ ∀Si , + and Sj , +, fi [Si ; Sj ](xi ) = fj [Si ; Sj ](xj )
 , (26)
where the composite map fi [Si ; Sj ] :Oi (Si )→Oi (Si ∩Sj )→O(Si ∩Sj ) is obtained by composing all inputs
other than Si ∩ Sj with the unique point in Oi (0) followed by the operadic map fi . By abuse of notation,
we denote by (x1, . . . ,xk) a point in the space (26) with xi = + if Si = +.
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Let a ∈ A, S1 = (S11 , . . . ,S1k ) ∈ Pk(A) and S2 = (S21 , . . . ,S2k ) ∈ Pk(B) with the condition S2i = + iff a < S1i . The
family (26) inherits an algebraic structure from the operads O1, . . . ,Ok in the sense that one has associative
operations of the form
µa : ~OS1 (S
1
1 , . . . ,S
1
k ) × ~OS2 (S21 , . . . ,S2k ) −→ ~OS1∪aS2 (S11 ∪a S21 , . . . ,S1k ∪a S2k );
(x11 , . . . ,x
1
k ) ; (x
2
1 , . . . ,x
2
k ) 7−→ (x31 , . . . ,x3k ),
(27)
where the points x3i ∈Oi (S1i ∪a S2i ) and the family S1 ∪a S2 ∈ Pk(A∪a B) are defined as follows:
S1i ∪a S2i =

S1i if a < S
1
i ,
(S1i unionsq S2i ) \ {a} if a ∈ S1i ,
and x3i =

x1i if a < S
1
i ,
x1i ◦a x2i if a ∈ S1i .
For any S = {S1, . . . ,Sk}, with Si ∈ P+({1, . . . ,n}), we will write ~OS (n1, . . . ,nk) for the space ~OS (S1, . . . ,Sk) with
ni =
 |Si | if Si , +,+ if Si = +.
Remark 4.2. The family S = {S1, . . . ,Sk} ∈ Pk({1, . . . ,n}) in the above definition can be interpreted as a n-
coralla Tn together with a family of applications fi : E(Tn)→ {external ; internal}, with 1 ≤ i ≤ k, labelling
the edges of the corolla as follows: if Si = +, then the edges are indexed by external ; if Si , +, then the
trunk is indexed by internal and, according to the planar order of the corolla, the subset of leaves, whose
images by the application fi are internal, is in bijection with the set Si . By convention the edges indexed
by external are represented by dotted edges.
Definition 4.3. The category of k-fold bimodules over ~O
A k-fold bimodule over ~O, or just ~O-bimodule, is a k-fold augmented sequence M together with operations
called k-fold right operations of the form
◦ai :M(A1, . . . ,Ak)×Oi (B) −→M(A1, . . . ,Ai ∪a B, . . . ,Ak), with 1 ≤ i ≤ k and a ∈ Ai , +,
and, for any S ∈ Pk(A), k-fold left operations of the form
µS : ~OS (S1, . . . ,Sk)×
∏
a∈A
M(Ba1, . . . ,B
a
k) −→M

∐
a∈A
Ba1,+
Ba1, . . . ,
∐
a∈A
Bak,+
Bak
 , with Bai = + iff a < Si .
By convention, if Si = +, then the coproduct
∐
aB
a
i is the augmented set +. These operations satisfy com-
patibility relations with the symmetric group as well as associativity and unit axioms (see Appendix A.2).
Due to the condition (A1, . . . ,Ak) , (+, . . . ,+), the notion of 1-fold bimodule is equivalent to the usual no-
tion of bimodule over an operad. A map of k-fold bimodules should respect the operations. We denote by
Bimod ~O the category of k-fold bimodules. Finally, let us notice that a k-fold bimodule M is equipped with
maps of the form
γ~A :
∏
1≤i≤k
Ai,+
O1(∅)→M(~A), ∀~A = (A1, . . . ,Ak) ∈ Σ×k+ with Ai ∈ {+ , ∅}.
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In practice, a k-fold bimodule over ~O is determined by a family of topological spacesM(n1, . . . ,nk), with
ni ∈Nunionsq{+} and (n1, . . . ,nk) , (+, . . . ,+), together with actions of the symmetric groups Σn1 ×· · ·×Σnk , k-fold
right operations of the form
◦ji :M(n1, . . . ,nk)×Oi (m)→M(n1, . . . ,ni +m− 1, . . .nk), with i ≤ k, ni , + and j ≤ ni ,
and, for any S = (S1, . . . ,Sk) ∈ Pk({1, . . . ,n}), k-fold left operations of the form
µS : ~OS (n1, . . . ,nk)×
∏
1≤i≤n
M(mi1, . . . ,m
i
k)→M

∑
1≤i≤k
mi1,+
mi1, . . . ,
∑
1≤i≤k
mik,+
mik
 , with m
i
j = + iff j < Si .
By convention, if Sj = +, then one has
∑
im
i
j = +. For the rest of the paper, we use also the notation
x ◦ji y = ◦
j
i (x ; y) for x ∈M(n1, . . . ,nk) and y ∈Oi (m).
Given an element ~r = (r1, . . . , rk) ∈Nk , we also consider the category of ~r-truncated k-fold bimodule over
~O denoted by T~r Bimod ~O. An object is an ~r-truncated k-fold augmented sequence together with operations
as above. One has an obvious functor
T~r (−) : Bimod ~O −→ T~r Bimod ~O.
Example 4.4. The k-fold bimodule O+
LetO1, . . . ,Ok be a family of reduced operads relative toO. Similarly to Example 2.5, the k-fold augmented
sequence O+ defined as follows:
O+(A1, . . . ,Ak) :=
∏
1≤i≤k
Ai,+
O(Ai ), ∀(A1, . . . ,Ak) ∈ Σ×k+ , (28)
inherits k-fold right operations from the operadic structures of O1, . . . ,Ok . For any S = (S1, . . . ,Sk) ∈ Pk(A)
and Si = {ai1, . . . , aili }, the k-fold left operations are given by the formula
µS : ~OS (S1, . . . ,Bk)×
∏
a∈A
O+(Ba1, . . . ,B
a
k) −→ O+

∐
a∈A
Ba1,+
Ba1, . . . ,
∐
a∈A
Bak,+
Bak
 ;
(x1, . . . ,xk) ;
{
(ya1, . . . , y
a
k )
}
a∈A 7−→ (z1, . . . , zk),
with zi defined using the operadic structures of O1, . . . ,Ok :
zi =
(
· · ·
(
xi ◦ai1 y
ai1
i
)
◦ai2 y
ai2
i · · ·
)
◦aili y
aili
i .
More generally, if M1, . . . ,Mk are bimodules over the reduced operads O1, . . . ,Ok , respectively, then the
k-fold augmented sequence M+, given by the formula
M+(A1, . . . ,Ak) :=
∏
1≤i≤k
Ai,+
M(Ai ), ∀(A1, . . . ,Ak) ∈ Σ×k+ ,
inherits a k-fold bimodule structure over the family of reduced operads O1, . . . ,Ok relative to the terminal
operad (i.e. the operad with only one point in each arity). Consequently, M+ is also a k-fold bimodule over
the family O1, . . . ,Ok relative to any other operad O.
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Notation 4.5. Since Σ×k is a subcategory of Σ×k+ , there is a functor
(−)− : Seq+k → Seqk .
Proposition 4.6. Let η : O+→M be a map of k-fold bimodules over ~O. Then M− inherits a k-fold infinitesimal
bimodule structure over the family of reduced operad O1, . . . ,Ok relative to the topological monoid O(1) and the
induced map η : O→M− is a map of k-fold infinitesimal bimodules.
Proof. Since the k-fold right infinitesimal operations and the k-fold right operations are the same, we only
need to build maps of the form
µ : ~O(n1, . . . ,nk)×M−(m1, . . . ,mk) −→M−(n1 +m1 − 1, . . . ,nk +mk − 1).
For this purpose, we consider the family S = {S1, . . . ,Sk} ∈ Pk({1, . . . ,n1 + · · ·+nk − k + 1}) with
Si = {1,n1 + · · ·+ni−1 − i + 3, . . . ,n1 + · · ·+ni − i + 1}.
By construction, one has an operation of the form
µS : ~OS (n1, . . . ,nk)×M−(m1, . . . ,mk)×
n1+···+nk−k+1∏
j=2
M(m
j
1, . . . ,m
j
k) −→M−(n1 +m1 − 1, . . . ,nk +mk − 1),
where (m
j
1, . . . ,m
j
k), with m
j
i ∈Nunionsq {+}, is given by
m
j
i =
 1 if j ∈ Si ,+ if j < Si .
By construction, one has (m
j
1, . . . ,m
j
k) , (+, . . . ,+). Then, we use the image of the units ∗1 ∈ Oi (1) by the
map η : O+ → M in order to get the operation researched. The reader can check that the induced map
η : O→M− is a morphism of k-fold infinitesimal bimodules. 
Example 4.7. The k-fold bimoduleRkn
Let d1 ≤ · · · ≤ dk < n be integers and let ~O be the object (26) associated to the family of reduced operads
Cd1 , . . . ,Cdk relative to the operad Cn. By abuse of notation, we denote byRkn the k-fold augmented sequence
given by the formula
Rkn(A1, . . . ,Ak) =Rn

∐
1≤i≤k
Ai,+
Ai
 , ∀(A1, . . . ,Ak) ∈ Σ×k+ .
The k-fold right operations are defined using the composite map of operads κi : Cdi → Cdk ↪→Rdk →Rn
together with the operadic structure of Rn. Let S = {S1, . . . ,Sk} be an element in Pk(A) with A = {a1, . . . , an}.
In a first time, we assume that Si , +, for any i ∈ {1, . . . , k}. We want to define the map
µS : ~OS (S1, . . . ,Sk)×
∏
a∈A
Rkn(Ba1, . . . ,Bak) −→Rkn

∐
a∈A
Ba1,+
Ba1, . . . ,
∐
a∈A
Bak,+
Bak
 , with B
a
i = ∅ iff a < Si . (29)
For this purpose, we need a map of the form
ε : ~OS (S1, . . . ,Sk) −→Rn
 ∐
1≤i≤k
Si
 −→Rn (A) .
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The first map sends a point (x1, . . . ,xk) to the operadic composition (· · · (ck ◦k κk(xk)) · · · )◦1κ1(x1) where the
element ck ∈ Cn(k) is introduced in Example 2.6. Due to the definition (26), two little rectangles indexed
by the same element a in configurations xi and xi+1, respectively, share a face of codimension 1 in the
operadic composition. Consequently, the second map consists in gluing together such pair of rectangles as
illustrated in Figure 10.
Figure 10: Illustration of ε with S1 = {1; 2 ; 3}, S2 = {1; 3 ; 4} and S3 = {1; 3 ; 5} in P+({1, . . . ,5}).
Finally, the map (29) is defined using the operadic structure of Rn as follows:
µS
(
(x1, . . . ,xk) ; {ya}a∈A
)
=
(
· · ·
(
ε(x1, . . . ,xk) ◦a1 ya1
)
· · ·
)
◦an yan .
For instance, the k-fold left operation applied to the points
gives rise to the following element:
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If Si = + for some i ∈ {1, . . . , k}, then the construction of the left operations is similar. In that case, one
has to consider the element cl ∈ Cn(l) instead of ck in the definition of ε where l is the number of sets in
(A1, . . . ,Ak) different to the augmented set +. We recall that cl is the family of rectangles splitting the unit
cube into l equal rectangles along the last coordinate. Furthermore, there is a map of k-fold bimodules
η : O+(A1, . . . ,Ak) −→ Rkn(A1, . . . ,Ak);
(x1, . . . ,xk) 7−→ cl (κi1 (xi1 ), . . . ,κil (xil )),
where {i1 < . . . < il } is the subset of {1, . . . , k} such that Aij , + for j ∈ {1, . . . , l}. The k-fold infinitesimal
bimodule structure induced by the maps η and Proposition 4.6 coincides with the structure introduced in
Example 2.6.
Remark 4.8. A k-fold bimodule as a 1-fold bimodule over a colored operad
From the family of reduced operads O1, . . . ,Ok relative to the operad O, we consider the colored operad
with set of colors S = {c1, . . . , ck+1} defined as follows:
O(Ac1 , . . . ,Ack+1 ; c) =

Oi (Aci ) if c = ci for i ≤ k and Acj = ∅ for j , i,
~OS (S1, . . . ,Sk) if c = ck+1,
∅ otherwise,
where S = (S1, . . . ,Sk) ∈ Pk
 ⊔
1≤i≤k+1
Aci
 and Si = Aci unionsqAck+1 .
Finally, there is an equivalence of categories
Bimod ~O  BimodO ↓M∗
where M∗ is the following bimodule over the colored operad O:
M∗(Ac1 , . . . ,Ack+1 ; c) =
 ∗ if Ack+1 = ∅ and c = ck+1,∅ otherwise.
4.2 The Reedy and projective model category structures on Bimod ~O
The purpose of this section is to define a model category structure on the category of k-fold bimodules over
~O. More precisely, we introduce two different model category structures: projective and Reedy. Similarly
to the k-fold infinitesimal bimodule case, both structures have advantages and inconveniences. In the
following, we compare these two structures and we give the properties needed to prove the main results
in Section 6.
4.2.1 The projective model category structure
Similarly to Section 2.2, in order to introduce model category structures on the category of k-fold bimod-
ules, we build an adjunction
F
B ; ~O : Seq
∅
k  Bimod ~O : U , (30)
where U is the forgetful functor and Seq∅k is the category of k-fold augmented sequences M with based
points in the spaces of the form M(n1, . . . ,nk), with ni ∈ {+; 0}. As usual, the free k-fold bimodule can be
described in terms of coproduct indexed by a set of trees.
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Definition 4.9. The set of k-fold reduced trees with section
A tree with section is a pair T = (T ; V p(T )) where T is a planar rooted tree and V p(T ) is a subset of vertices,
called pearls, satisfying the following relation: each path from a leaf or univalent vertex to the root passes
through a unique pearl. The set of pearls forms a section cutting the tree into two parts. We denote by
V u(T ) (resp. V d (T )) the vertices above the section (resp. below the section). A tree with section is said to
be reduced if each inner edge is connected to a pearl.
Figure 11: Examples of a tree with section T1 and a reduced tree with section T2.
For ~n = (n1, . . . ,nk), with ni ∈ N unionsq {+} and (n1, . . . ,nk) , (+, . . . ,+), the set of reduced k-fold trees with
section rsT ree[~n ] is formed by families ~T = (T1, . . . ,Tk , f1, . . . , fk ,σ ) where Ti is a reduced tree with section
having ni leaves (without leaves if ni = +) and σ ∈ Σn1 × · · · × Σnk is a permutation labelling the leaves.
Furthermore, the sub-trees T ′1, . . . ,T ′k obtained from T1, . . . ,Tk by removing vertices and edges above the
sections are assumed to be the same. Finally, fi : E(T ′i )→ {internal ; external} is a function labelling the
inner edges below the section of Ti satisfying the following conditions:
I a pearl in Ti with an external output edge is necessarily univalent,
I the tree Ti is trivial in the sense that all the edges are external if and only if ni = +,
I if the output edge of a vertex below the section of Ti is external, then its input edges are also external,
I if e1 is an inner edge in T ′1 and e2, . . . , ek are the corresponding edges in T ′2, . . . ,T ′k , respectively, then
fi (ei ) = internal for all i ∈ {1, . . . , k}, or there exists a unique i ∈ {1, . . . , k} such that fi (ei ) = internal and
fj (ej ) = external for any j , i.
Since the sub-trees T ′1, . . . ,T ′k are the same, if v1 is a vertex of T1 below the section, then we denote by vi
the corresponding vertex in V (Ti ). As usual, if v is a vertex, then we denote by |v| the number of incoming
edges. Nevertheless, if v is a vertex below the section, then we denote by |v|i the number of incoming
internal edges. By convention, an external edge is represented by a dotted line and |p| = + or |v|i = + if the
output edge of the pearl p or the vertex below the section v is labelled by external.
Figure 12: Illustration of a point in rsT ree[3 ; 2 ; 4 ; 0]
Construction 4.10. Let M = {M(n1, . . . ,nk)} ∈ Seq∅k . Then the free k-fold bimodule FB ; ~O(M), also denoted
by FB(M) when the operads are understood, is defined as follows:
FB(M)(~n ) :=

∐
~T ∈rsT ree[~n]
∏
v1∈V d (T1)
~OSv1 (|v1|i , · · · , |vk |i )×
∏
p1∈V p(T1)
M(|p1|, · · · , |pk |)×
∏
i∈{1,...,k}
v∈V u (Ti )
Oi (|v|)

/
∼
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where Sv1 = (S
1
v1
, . . . ,Sk
v1
) ∈ Pk({1, . . . , |v1|}) is given by
Si
v1
B

the augmented set + if the output edge of vi is external,{
j ∈ {1, . . . , |v1|} ∣∣∣ the j-th incoming input of vi is internal} otherwise.
Figure 13: Illustration of a point in FB(M)(5 ; 4).
The equivalence relation is generated by the unit axiom and compatibility relations with the symmetric
group action. Furthermore, if p1 ∈ V p(T1) is indexed by the based point in M(n1, . . . ,nk), with ni ∈ {0; +},
then we contract the corresponding pearls using the operadic structures of O1, . . . ,Ok as illustrated in
Figure 14. We denote by [~T ; {mp} ; {xv}] a point in the free bimodule. Furthermore, the construction of the
free 1-fold bimodule so obtained is homeomorphic to the usual construction introduced in [11].
Figure 14: Illustration of the equivalence relation.
The right operation ◦ji with an element x ∈ Oi (m) consists in grafting the m-corolla whose vertex is
indexed by x into the i-th leaf of the reduced tree with section Ti . If the element so obtained contains
an inner edge joining two consecutive vertices other than a pearl, then we contract it using the operadic
structure of Oi .
Let (x1, . . . ,xk) ∈ ~OS (n1, . . . ,nk), with S = (S1, . . . ,Sk) ∈ Pk({1, . . . ,m}), and let [~T i ; {mip} ; {xiv}] be a family
of points in FB(M). The left operation is defined as follows: each tree T iu , with 1 ≤ i ≤ m, is grafted from
left to right to a leaf of the m-corolla whose vertex is indexed by xu and whose l-th leaf is external if and
only if l < Su . If the element so obtained contains inner edges joining two consecutive vertices other than
pearls, then we contract them using the operations (27). For instance, the left operation between the two
points in FB(M)(0 ; 4) and FB(M)(2 ; 0), respectively,
and a point (x1 ; x2) ∈ ~OS (2 ; 2), with S1 = S2 = {1; 2}, gives rise to
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Finally, since the operads O1, . . . ,Ok are assumed to be reduced, the map
γ~n :
∏
1≤i≤k
ni,+
Oi (0) −→ FB(M)(n1, . . . ,nk), with ni ∈ {+; 0},
sends the unique point in the product to the element [~T ; {mp} ; {xv}] where Ti is the pearled 0-corolla with
an external output edge if and only if ni = +.
Theorem 4.11. The pair of functors (FB ; U ) forms an adjunction. Furthermore, the category of k-fold bimodules
inherits a cofibrantly generated model category structure in which all the objects are fibrant and making the
adjunction (30) into a Quillen adjunction. More precisely, a map f is a weak equivalence (resp. a fibration) if the
induced map U (f ) is a weak equivalence (resp. a fibration) in the category of k-fold sequences with based points.
This model category structure is called projective model category structure.
Proof. Similar to the proof of Theorem 2.9. 
Remark 4.12. Construction 4.10 and Theorem 4.11 admit analogue versions for ~r-truncated bimodules.
In that case, we only need to consider the set rsT ree[~n ≤ ~r ] instead of rsT ree[~n ] in Construction 4.10
where rsT ree[~n ≤ ~r ] is the set of elements (T1, . . . ,Tk , ~σ ) ∈ rsT ree[~n ] for which the number of leaves plus
the number of univalent internal vertices of Ti is smaller than ri .
4.2.2 The Reedy model category structure
Let Λ×k+ be the category whose objects are families (A1, . . . ,Ak) , (+, . . . ,+) where Ai is a finite set or the
augmented set and morphisms are families of injective maps. Given an element ~r = (r1, . . . , rk) ∈ Nk , we
also consider the sub-category T~rΛ
×k
+ whose objects are families of finite sets (A1, . . . ,Ak) with |Ai | ≤ ri .
One has the two categories
I ΛSeq+k : the category of contravariant functor from Λ
×k
+ to spaces;
I T~rΛSeq
+
k : the category of contravariant functor from T~rΛ
×k
+ to spaces.
Similarly, let Λ×k>0 be the subcategory of Λ×k+ whose objects are families (A1, . . . ,Ak) different to elements of
the form (B1, . . . ,Bk) with Bi ∈ {+; ∅}. We also consider the sub-category T~rΛ×k>0 whose objects are families
of finite sets (A1, . . . ,Ak) with |Ai | ≤ ri . One has the two categories
I ΛSeq>0k : the category of contravariant functor from Λ
×k
>0 to spaces;
I T~rΛSeq
>0
k : the category of contravariant functor from T~rΛ
×k
>0 to spaces.
Then, we consider the following adjunctions:
(−)>0 :ΛSeq+k  ΛSeq>0k : (−)+,
(−)>0 : T~rΛSeq+k  T~rΛSeq>0k : (−)+,
where M>0 is obtained from M by forgetting the components of the form M(B1, . . . ,Bk), with Bi ∈ {+; ∅}.
On the other hand, N+ is obtained from N by defining N+(B1, . . . ,Bk) = ∗, for any element (B1, . . . ,Bk) with
Bi ∈ {+; ∅}, and keeping all the other components the same. As in Section 2.2.2, these two categories are
endowed with a Reedy model structure.
Let O1, . . . ,Ok be a family of operads relative to another operad O. A reduced k-fold bimodules over ~O
is a k-fold bimodule M satisfying M(B1, . . . ,Bk) = ∗ for any elements (B1, . . . ,Bk) with Bi ∈ {+; ∅}. We denote
by the category of reduced k-fold bimodules over ~O by ΛBimod ~O and one has a unitarization-inclusion
adjunctions
τ : Bimod ~O  ΛBimod ~O : ι,
τ : T~r Bimod ~O  T~rΛBimod ~O : ι,
(31)
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where ι is the inclusion functor and τ its adjoint which consists in collapsing the arities indexed by ele-
ments of the form (B1, . . . ,Bk), with Bi ∈ {+; ∅}, to a point and adjusting the other components according to
the equivalence relation induced by this collapse. The category ΛBimod ~O and its truncated version admit
a Reedy model category structure transferred from the adjunctions
F Λ
B ; ~O
:ΛSeq>0k  ΛBimod ~O : U ,
T~rF ΛB ; ~O : T~rΛSeq
>0
k  T~rΛBimod ~O : U ,
(32)
where the free functors, also denoted by F ΛB and T~rF ΛB when ~O is understood, are obtained from FB and
its truncated version, respectively, by taking the restriction of the coproduct in Construction 4.10 to the k-
fold trees with section without univalent vertices above the sections. According to the notation introduced
in Section 2.2.2, as k-fold augmented sequences, one has
F Λ
B ; ~O
(M)B F
B ; ~O>0
(M>0)+, and T~rF ΛB ; ~O(M)B T~rFB ; ~O>0 (M>0)+.
By construction, the objects above are equipped with a k-fold (truncated) bimodule structures over ~O>0.
We can extend this structure in order to get k-fold (truncated) bimodule over ~O using the operadic struc-
tures of O1, . . . ,Ok and the Λ
×k
+ structure of M.
Theorem 4.13. [12] One has the following properties on the Reedy model category structure:
(i) The categories ΛBimod ~O and T~rΛBimod ~O, with ~n ∈ Nk , admit a cofibrantly generated model category
structure, called Reedy model structure, transferred from ΛSeq>0k and T~rΛSeq
>0
k , respectively, along the
adjunctions (32).
(ii) A morphism in the category of k-fold (possibly truncated) bimodules over ~O is a cofibration for the Reedy
model category structure if and only if it is a cofibration as a morphism of k-fold (truncated) bimodules over
~O>0 equipped with the projective model category structure.
(iii) In case O1, . . . ,Ok ,O are Reedy cofibrant operads, the model structure on ΛBimod ~O is left proper.
Sketch of proof. We already know that this properties are trues in the context of bimodules over a colored
operad [12]. So, the theorem is a consequence of the description of k-fold bimodules in terms of 1-fold
bimodules over a colored operad introduced in Remark 4.8.
4.2.3 Connections between the two structures and properties
In the previous sections, we introduce two model category structures, projective and Reedy, on the category
of k-fold (possibly truncated) bimodules over ~O. In what follows, we show that these two structures
are more or less the same homotopically speaking and induce the same derived mapping space up to
a homeomorphism (see the identifications (33)). For this reason, we won’t distinguish between the two
mapping spaces and we will simply write Bimodh
~O
(− ; −) and T~r Bimodh~O(− ; −).
Theorem 4.14. [12] One has the following relations between the Reedy and projective model structures:
(i) The adjunctions (31) are Quillen adjunctions.
(ii) For any pair M and N of reduced k-fold (truncated) bimodules, one has equivalences of mapping spaces:
Bimodh
~O
(ιM ; ιN )  ΛBimodh
~O
(M ;N ),
T~r Bimod
h
~O
(ιM ; ιN )  T~rΛIbimod
h
~O
(M ;N ).
(33)
Sketch of proof. The proof is similar to the proof in the context of operads [18]. It is straightforward that
τ sends the generating cofibrations to cofibrations, which implies that the adjunctions (31) are Quillen
adjunctions. In order to prove (33), it is enough to show that the natural map τMc →M, where Mc is a
cofibrant replacement of ιM (which can be chosen to be the one developed in the next section), is a weak
equivalence.
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A map ~α : ~O → ~O′ between two families of operads O1, . . .Ok and O′1, . . .O′k relative to topological
operads O and O′ , respectively, is a family of operadic maps αi : Oi → O′i and α : O → O′ such that
f ′i ◦αi = α ◦ fi . Such a map ~α is said to be a weak equivalence if the maps α, αi and the induced maps
~OS (S1, . . . ,Sk) −→ ~O′S (S1, . . . ,Sk), ∀S ∈ Pk(A),
are weak homotopy equivalences. In particular, such a map ~α : ~O → ~O′ produces a map between the
families of operadsO1, . . .Ok andO
′
1, . . .O
′
k relative to the topological monoidsO(1) andO
′(1), respectively,
which is a weak equivalence if ~α is a weak equivalence. The above theorem is true in the context of
bimodules over a colored operad [12] and is a consequence of Remark 4.8.
Theorem 4.15. [12] Let ~α : ~O → ~O′ be a weak equivalence with cofibrant components between families of
reduced operads relative to another one. One has Quillen equivalences
α!B :ΛBimod ~O  ΛBimod ~O′ : α
∗
B,
α!B : T~rΛBimod ~O  T~rΛBimod ~O′ : α
∗
B,
where α∗B is the restriction functor and α!B is the induction one.
4.3 The Boardman-Vogt resolution for k-fold bimodules
As explained in the previous section, the category of k-fold bimodules is endowed with a projective model
category structure in which all the objects are fibrant. Consequently, in order to compute the derived
mapping space
Bimodh
~O
(M1 ;M2)B Bimod ~O(M
c
1 ;M2),
we only need an explicit cofibrant replacement Mc1 for any k-fold bimodule M1. Similarly to Section
2.3, we use a kind of Boardman-Vogt resolution. Then, we deduce from this resolution another cofibrant
replacement of M1 in the Reedy model category.
Definition 4.16. The set of k-fold trees with section
Let ~n = (n1, . . . ,nk) with ni ∈ Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+). According to the notation introduced in
Definition 4.9, the set sT ree[~n ] of k-fold trees with section is formed by families ~T = (T1, . . . ,Tk , f1, . . . , fk ,σ )
where Ti is a tree with section having ni leaves (without leaves if ni = +) and σ ∈ Σn1 × · · · × Σnk is a
permutation labelling the leaves. Furthermore, we assume that the sub-trees T ′1, . . . ,T ′k obtained from
T1, . . . ,Tk , respectively, by removing the vertices and the edges above the sections are the same. Finally,
fi : E(T ′i )→ {internal ; external} is a function labelling the inner edges below the section of Ti satisfying
the same conditions introduced in Definition 4.9.
Figure 15: Illustration of an element in sT ree[4 ; 2 ; 6].
Since the sub-trees T ′1, . . . ,T ′k are the same, if v1 is a vertex of T1 below the section, then we denote by vj
the corresponding vertex of Tj . Furthermore, we denote by |v|i the number of incoming internal vertices
of a vertex v below the section. By convention, an external edge is represented by a dotted line and |p| = +
or |v|i = + if the output edge of the pearl p or the vertex below the section v is labelled by external.
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Construction 4.17. Let M = {M(n1, . . . ,nk)} be a k-fold bimodule over ~O. The resolution B ~O(M), also
denoted by B(M) when the operads are understood, consists in labelling the vertices of k-fold trees with
section by real numbers in the interval [0 , 1] and elements in the bimodule M or in the operads O1, . . . ,Ok .
For ~n = (n1, . . . ,nk), with ni ∈ Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+), the space B(M)(~n) is defined as a quotient
of the subspace
∐
~T ∈sT ree[~n]
∏
v1∈V d (T1)
[
~OSv1 (|v1|i , · · · , |vk |i )× [0 , 1]
]
×
∏
p1∈V p(T1)
M(|p1|, · · · , |pk |)×
∏
i∈{1,...,k}
v∈V u (Ti )
[
Oi (|v|)× [0 , 1]
]
/
∼
with the following condition: if two vertices v and v′ above the section (resp. below the section) are
connected by an inner edge from v to v′ according to the direction toward the root, then the real numbers
tv and tv′ associated to v and v′ satisfy the condition tv ≥ tv′ (resp. tv ≤ tv′ ). By convention the pearls are
indexed by 0 and Sv1 = (S
1
v1
, . . . ,Sk
v1
) ∈ Pk({1, . . . , |v1|}) is given by
Si
v1
B

the augmented set + if the output edge of vi is external,{
j ∈ {1, . . . , |v1|} ∣∣∣ the j-th incoming input of vi is internal} otherwise.
Figure 16: Illustration of a point in B(M)(5 ; 4).
The equivalence relation is generated by the unit axiom, the compatibility with the symmetric group
action as well as the relation contracting the pearls indexed by the based point in the spaces of the
form M(B1, . . . ,Bk), with Bi ∈ {+; ∅}. Furthermore, if two vertices connected by an inner edge are in-
dexed by the same real number t, then we contract the inner edge using the k-fold bimodule structure
of M or the operadic structures of O1, . . . ,Ok . The new vertex so obtained is indexed by t. We denote by
[~T ; {mp} ; {xv} ; {tv}] a point in the above space. For instance, the point represented in Figure 16 is equiva-
lent to the following one in which S = {{1; 2} , +} ∈ P2({1; 2}):
The left and right operations are defined as in Construction 4.10. They consist in grafting corollas la-
belled by elements in the operadsO1, . . . ,Ok and indexing the new vertices by the real number 1. Moreover,
one has two maps of k-fold bimodules over ~O
η′ : B(M) −→M and τ ′ : FB(M) −→ B(M), (34)
where η′ is the map sending the real number to 0 while the map τ ′ indexes the vertices other than the
pearls by 1. Furthermore, the above construction for 1-fold bimodules is hoemeomorphic to the usual
Boardman-Vogt resolution for bimodules introduced in [11].
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From now on, we introduce a filtration of the resolution B(M) according to the number of geometrical
inputs which is the number of leaves plus the number of univalent vertices other than the pearls. Similarly
to Section 2.3, a point in B(M) is said to be prime if the real numbers indexing the vertices are strictly
smaller than 1. Besides, a point is said to be composite if one of the real numbers is 1 and such a point
can be associated to prime components. More precisely, the prime components are obtained by cutting the
vertices indexed by 1. For instance, the prime components associated to the point
are the following ones:
For ~n = (n1, . . . ,nk) ∈Nk , a prime point, indexed by an element ~T ∈ sT ree[~n], is in the ~n-th filtration term
B(M)[~n] if Ti has at most ni geometrical inputs. Then, a composite point is in the ~n-th filtration term if its
prime components are in B(M)[~n]. For instance the composite point in the example above is in B(M)[7 ; 6].
By construction, B(M)[~n] is a k-fold bimodule and, for each pair ~m ≤ ~n, there is a map of k-fold bimodules
induced by the inclusion
ι[ ~m ≤ ~n] : B(M)[ ~m] −→ B(M)[~n]. (35)
Theorem 4.18. Let M be a k-fold bimodule over the family of reduced operads O1, . . . ,Ok relative to O. If ~O
and M are cofibrant as k-fold sequences and the maps γ~n, with ni ∈ {+; 0}, are cofibrations, then B(M) and
T~r (B(M)[~r ]) are cofibrant replacements of M and T~r (M), respectively. In particular, the maps η′ and τ ′ (see
(34)) are, respectively, a weak equivalence and a cofibration in the projective model category Bimod ~O.
Sketch of proof. There are many ways to prove this theorem. One of them consists in using Remark 4.8
and the fact that the Boardman-Vogt resolution introduced in Construction 4.17 is homeomorphic to the
Boardman-Vogt resolution introduced [11] in the category of bimodules over the appropriated colored
operad.
We can also check by hand the theorem. Without going into details, the map η′ induces a homotopy
equivalence in the category of k-fold augmented sequences in which the homotopy consists in bringing the
real numbers indexing the vertices to 0. For the truncated case, we need first to contract the inner edges
which are not connected to a leaf because the homotopy sending the real numbers to 0 doesn’t necessarily
preserve the number of geometrical inputs. On the other hand, the maps µ′ and ι[ ~m ≤ ~n] can be proved to
be cofibrations in the category of k-fold bimodules by induction on the number of vertices of k-fold trees
with sections.
4.3.1 Boardman-Vogt resolution in the Λ×k>0 setting.
From now on, we assume that O1, . . . ,Ok is a family of reduced operads relative to an operad O and we
adapt the construction in the previous section to produce cofibrant replacements in the category of reduced
k-fold bimodules equipped with the Reedy model category structure. According to the notation introduced
in Section 2.2.2, we set
BΛ~O (M)B B ~O>0 (M>0)+.
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In other words, BΛ
~O
(M), also denoted by BΛ(M) when ~O is understood, is obtained from the restriction
of the coproduct in Construction 4.17 to the k-fold trees with section without univalent vertices other
than the pearls. By construction, the k-fold augmented sequence so obtained is a k-fold bimodule over
~O>0. Similarly to the free functor in the previous section, we can extend this structure in order to get a
k-fold bimodule over ~O using the operadic structure of the operads O1, . . . ,Ok and theΛ
×k
+ structure of M.
Furthermore, the ~O>0-bimodule maps (34) induce the maps
η′ : BΛ(M) −→M and τ ′ : F ΛB (M) 7−→ BΛ(M), (36)
which respect the Λ×k+ structure and thus are k-fold bimodule maps over ~O. Finally, the filtration (35)
gives rise to a filtration of k-fold bimodules over ~O>0
ι[ ~m ≤ ~n] : BΛ(M)[ ~m ] −→ BΛ(M)[~n ],
compatible with the right action by O1(0), . . . ,Ok(0). So, this is also a filtration of k-fold bimodules over ~O.
Theorem 4.19. LetM be a k-fold bimodule over ~O. If ~O andM are cofibrant as k-fold sequences and the map γ~n,
with ni ∈ {+; 0}, are cofibrations, then BΛ(M) and T~r (BΛ(M)[~r ]) are cofibrant replacements of M and T~r (M) in
the Reedy model categories ΛBimod ~O and T~rΛBimod ~O,respectively. In particular, the maps η
′ and τ ′ (see (36))
are, respectively, a weak equivalence and a cofibration.
Proof. It is a consequence of Theorems 4.13 and 4.18. Nevertheless, we recall the arguments showing that
BΛ(M) and its truncated versions are cofibrant in order to introduced some notation used in Section 5. The
idea is to check that each map ι[ ~m ≤ ~n] is a cofibration in the projective model category of k-fold bimodules
over ~O>0. Without loss of generality, we assume that k = 2, ~m = (m1 ;m2) and ~n = (m1 + 1;m2). In that case
the map ι[ ~m ≤ ~n] can be obtained as a sequence
BΛ(M)[ ~m ] // BΛ+ (M)[~n ] // BΛ0 (M)[~n ] // · · · // BΛm2 (M)[~n ] = BΛ(M)[~n ] (37)
where the k-fold bimodule BΛ+ (M)[~n ] is defined using the pushout diagram
F
B ; ~O>0
(
∂BΛ(M)(m1 + 1; +)
)
//

F
B ; ~O>0
(
BΛ(M)(m1 + 1; +)
)

BΛ(M)[ ~m ] // BΛ+ (M)[~n ]
The k-fold bimodules BΛi (M)[~n ], with 0 ≤ i ≤m2 and BΛ−1(M)[~n ] = BΛ+ (M)[~n ], are built by induction using
pushout diagrams of the form
F
B ; ~O>0
(
∂BΛ(M)(m1 + 1; i)
)
//

F
B ; ~O>0
(
BΛ(M)(m1 + 1; i)
)

BΛi−1(M)[~n ] // BΛi (M)[~n ]
The space BΛ(M)(m1 + 1; i) is seen as an augmented sequence concentrated in arity (m1 + 1; i). Similarly,
∂BΛ(M)(m1+1; i) is the augmented sequence formed by points in BΛ(M)(m1+1; i) having a vertex indexed
by 1. By induction on the number of vertices, the inclusion from ∂BΛ(M)(m1 + 1; i) to BΛ(M)(m1 + 1; i) is
a cofibration in the category of augmented sequences. Since the free k-fold bimodule functor and pushout
diagrams preserve cofibrations, the horizontal maps in the above diagrams are cofibrations in the projec-
tive model category of k-fold bimodules over ~O>0. Thus proves that (37) is a sequence of cofibrations and
ι[ ~m ≤ ~n] is a cofibration in the Reedy model category of k-fold bimodules over ~O. 
43
4.3.2 Properties of the Boardman-Vogt resolution associated to O+
For ~n = (n1, . . . ,nk), with ni ∈ Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+), we denote by O(n1, . . . ,nk) the subspace of
BΛ(O+)(n1, . . . ,nk) formed by points indexed by k-fold trees with section (T1, . . . ,Tk , f1, . . . , fk ,σ ) satisfying
the following conditions:
I the roots are the only vertices which are not pearls and they are indexed by 1,
I the roots have exactly
∑
1≤i≤k
ni,+
ni incoming edges,
I vertices other than the roots are univalent pearls or bivalent pearls labelled by the units,
I fj : E(T ′i )→ {internal ; internal} labels the l-th incoming edge of the root by internal if and only if
l ∈


∑
1≤i≤j−1
ni,+
ni
+ 1, . . . ,
∑
1≤i≤j
ni,+
ni
 .
Figure 17: Illustration of a point in O(4 ; 0 ; 2 ; +).
Let us remark that the k-fold augmented sequence O is homeomorphic to the k-fold bimodule O+. The
map from O to O+ is the projection on the parameters indexing the roots of the k-fold trees with section.
From this identification and the weak equivalence of k-fold bimodules (34), we deduce a map of k-fold
augmented sequences
λ : BΛ(O+) −→ O  O+. (38)
Lemma 4.20. The map (38) is a homotopy equivalence.
Proof. First, we consider the k-fold augmented sequence A formed by points in BΛ(O+) without vertices
above the sections. The two k-fold augmented sequences BΛ(O+) and A are homotopically equivalent
and the homotopy consists in bringing the real numbers indexing the vertices above the sections to 0.
For instance, for the element in BΛ(O+)(8 ; 4) represented by (the points in (m1, . . . ,mk) ∈ O+ indexing the
pearls are directly represented on the trees)
the homotopy sends the parameters t5, t6, t7, t12 and t13 to 0 and one gets the following point in A:
44
Let B be the k-fold augmented sequence formed by points in A for which the pearls are external pearls
or bivalent pearls indexed by the unit of the operadsO1, . . . ,Ok . Using the identification θ = γl (θ;∗1, . . . ,∗1),
for any θ ∈ Oi (n), and the compatibility with the symmetric group axiom, we are able to check that the
k-fold augmented sequences A and B are homeomorphic. Locally, the identifications used are of the form
For instance, the point in B associated to the example above is the following one:
Finally, the homotopy between B and O consists in bringing the real numbers indexing the vertices
below the sections to 1. Then, using the action of the symmetric group, such a point can be identified with
an element in O. In particular, the point in O associated to the example above is the following one:
Figure 18: Illustration of the identification.

As explained in Example 4.4, if M1, . . . ,Mk are bimodules over O1, . . . ,Ok , respectively, then the k-fold
augmented sequence M+(n1, . . . ,nk) inherits a k-fold bimodule structure over the family O1, . . . ,Ok relative
to any reduced operad O. In particular, we can consider the following k-fold bimodule obtained from the
Boardman-Vogt resolution of each operads Oi as a 1-fold bimodule over itself:
BΛ(O)(n1, . . . ,nk) =
∏
1≤i≤k
ni,+
BΛOi (Oi )(ni ), with ni ∈Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+). (39)
By construction BΛ(O) is equipped with a map to O+ which is a weak equivalence of k-fold bimodules.
The homotopy consists in bringing the parameters to 0. Unfortunately, (39) is not cofibrant in the Reedy
(or projective) model category of k-fold bimodules. However, there is a map of k-fold bimodules
ξ : BΛ(O+) −→ BΛ(O), (40)
which consists in removing the external edges. The map ξ is obviously a weak equivalence since the two
k-fold bimodules are both weakly equivalent to O+.
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Lemma 4.21. The map (40) induces a homotopy retract in the category of k-fold augmented sequences.
Proof. We give an explicit description of the homotopy retract between the two objects. For this purpose,
we consider the map of k-fold augmented sequences
φ : BΛ(O) −→ BΛ(O+), (41)
sending a family {yi }1≤i≤k , with yi = [Ti ; {mip} ; {xiv} ; {tiv}] ∈ BΛ(Oi ), to the element indexed be the k-fold
tree with section (T +1 , . . . ,T
+
k , f1, . . . , fk ,σ ). The tree with section T
+
i is obtained by grafting from left to right
to a leaf of the k-corolla the trees with section T ′1, . . . ,T ′i−1,Ti ,T ′i+1, . . . ,T ′k where T ′u is the tree with section
obtained from Tu by removing the edges above the section. The application fi labels the edges associated
to Ti by internal and the other edges by external. The new vertex produced by the k-corolla is indexed
by (∗1 ; 1) while the other vertices are indexed by real numbers in the interval and points in the operads
according to the parameters of {yi }. For instance, the point in BΛ(O)(6 ; 4)
is sent to the following element in BΛ(O+)(6 ; 4):
Now, one has to check that the maps (40) and (41) give rise to a deformation retract in the category of
k-fold augmented sequences. The identification ξ ◦φ = id is clear. The homotopy φ◦ξ ' id is obtained by
using the identification defined locally as follows:
where (m1, . . . ,mk) ∈ O+(n1, . . . ,nk). The vertices just below the section indexed by (∗1 ; 0) are called marked
vertices. So, the homotopy sends the real numbers indexing the marked vertices to 1. Each time marked
vertices meet another vertices below the section, we use the identification defined locally as follows:

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5 Delooping of multivariable manifold calculus functors
In [13], we explain the relation between the usual notions of bimodule and infinitesimal bimodule over an
operad. More precisely, from a map of bimodules η :O→M over a 2-reduced operad O, we build explicit
maps
ξ :Map∗
(
ΣO(2) ; BimodhO(O ;M)
)
−→ IbimodhO(O ;M),
ξr :Map∗
(
ΣO(2) ; Tr Bimod
h
O(O ;M)
)
−→ Tr IbimodhO(O ;M),
(42)
where the spaces IbimodhO(O ;M) and Tr Ibimod
h
O(O ;M) are pointed by the equivalence classes of the
maps η and Tr (η), respectively, and are equipped with the Reedy model category structure (see Theorems
2.12 and 4.14).
The maps ξ and ξr always exist and they are weak equivalences under some conditions on the operad
O. In [13], we introduce the notion of coherent operad (resp. r-coherent operad) which are operads with
exactly the properties needed to get weak equivalences (see Section 5.3). The rest of this section is devoted
to extend the above result to the context of k-fold bimodules and k-fold infinitesimal bimodules. More
precisely, we prove the following statement:
Theorem 5.1. Let O1, . . . ,Ok be a family of well-pointed Σ-cofibrant 2-reduced operads relative to a reduced
operad O and let η : O+ → M be a map of k-fold bimodules such that M(A1, . . . ,Ak) = ∗ for any elements
(A1, . . . ,Ak) with Ai ∈ {+; ∅}. We also assume the maps of the form
ιi :M(+, . . . ,+,Ai ,+, . . . ,+) −→M(∅, . . . ,∅,Ai ,∅, . . . ,∅), (43)
induced by the k-fold bimodule structure, are weak equivalences. If M is Σ-cofibrant, then there exist explicit
continuous maps
γ : F ~O(M) −→ Ibimodh~O(O ;M
−), (44)
γ~r : T~r F ~O(M) −→ T~r Ibimodh~O(O ;M
−), (45)
with ~r = (r1, . . . , rk) ∈ Nk . Furthermore, if the operads O1, . . . ,Ok are j1-coherent,..., jk-coherent, respectively,
then the map (45) is a weak equivalence for any ~r ≤ ~j = (j1, . . . , jk). In particular, if the operads are coherent, then
the map (44) is a weak equivalence.
In the next sub-section we give a description of the spaces F ~O(M) and T~r F ~O(M) in terms of derived
mapping spaces of k-fold bimodules. Then we introduce an alternative cofibrant resolution of O as a k-
fold infinitesimal bimodule in order to build explicitly the maps (44) and (45). In Section 5.4, we recall
the notion of coherent operad. Finally, the last subsections are devoted to the proof of Theorem 5.1. As a
direct consequence of Theorem 5.1 and the definitions of the spaces F ~O(M) and T~r F ~O(M), one has also the
following corollary:
Corollary 5.2. If O1 = · · · = Ok = O is a well pointed Σ-cofibrant operad and η : O+ → M is a map of k-
fold bimodules satisfying the condition (43) and such that M(A1, . . . ,Ak) = ∗ for any elements (A1, . . . ,Ak) with
Ai ∈ {+; ∅}. If M is Σ-cofibrant, then there exist explicit maps
γ :Map∗
(
ΣO(2) ; ,Bimodh
~O
(O+ ;M)
)
−→ Ibimodh
~O
(O ;M−),
γ~r :Map∗
(
ΣO(2) ; T~r Bimod
h
~O
(O+ ;M)
)
−→ T~r Ibimodh~O(O ;M
−),
with ~r = (r1, . . . , rk) ∈ Nk . Furthermore, if the operad O is j-coherent, then the map γ~r is a weak equivalence for
any ~r ≤ ~j = (j, . . . , j). In particular, if the operad is coherent, then the map γ is a weak equivalence.
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5.1 Construction of the spaces F ~O(M) and T~r F ~O(M)
LetO1, . . . ,Ok be a family of 2-reduced operads relative to a reduced operadO and let η : O+→M be a map
of k-fold bimodules satisfying the conditions of Theorem 5.1. For any i ∈ {1, . . . , k}, the k-fold sequences
given by
Mi (A) =M(+, . . . ,+︸  ︷︷  ︸
i−1
, A, +, . . . ,+︸  ︷︷  ︸
k−i
), ∀A ∈ Σ,
inherits a 1-fold bimodule structure over Oi from M. Furthermore, the map η provides a bimodule map
ηi :Oi −→Mi .
We also introduce the following notation:
~O(2) := ~OS ({1; 2}, . . . , {1; 2}).
Moreover, for any i ∈ {1, . . . , k}, there is a map between suspension spaces
δi :
∑ ~O(2) −→ ∑Oi (2);
[x1, . . . ,xk ; t] 7−→ [xi ; t].
(46)
Let Ck be the category whose objects are the integers 0,1, . . . , k and the pairs of the form (0 , i) with
i ∈ {1, . . . , k}. The set of morphism Ck(α ; β) is reduced to one element if α = β or α ∈ {0; i} and β = (0 , i).
Otherwise it is the empty set. Then we consider the functor F ~O ;M from the category Ck to spaces given by
F ~O ;M (0) := Map∗
(∑ ~O(2) ; Bimodh
~O
(O+ ;M)
)
,
F ~O ;M (i) := Map∗
(∑
Oi (2) ; Bimod
h
Oi
(Oi ;Mi )
)
, with i ∈ {1, . . . , k},
F ~O ;M (0 , i) := Map∗
(∑ ~O(2) ; BimodhOi (Oi ;Mi )) ,
(47)
where the derived mapping spaces of bimodules are pointed by the equivalence class of the maps η and
ηi . On morphisms, there are two cases to consider. If the morphism is of the form f ∈ Ck(0 ; (0 , i)), then
F ~O ;M (f ) is obtained from the map (46). If the morphism is of the form f ∈ Ck(i ; (0 , i)), then F ~O ;M (f ) is
obtained from the restriction map
resti : Bimod
h
~O
(O+ ;M) −→ BimodhOi (Oi ;Mi ).
In particular, if k = 2, then one has the diagram
Map∗
(∑
O1(2) ; Bimod
h
O1
(O1 ;M1)
)
--
Map∗
(∑ ~O(2) ; BimodhO1 (O1 ;M1))
Map∗
(∑ ~O(2) ; Bimodh
~O
(O+ ;M)
) 11
--
Map∗
(∑ ~O(2) ; BimodhO2 (O2 ;M2))
Map∗
(∑
O2(2) ; Bimod
h
O2
(O2 ;M2)
) 11
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Similarly, for ~r = (r1, . . . , rk) ∈ Nk , we define the truncated functor T~r F ~O ;M from the category Ck to
spaces by considering derived mapping spaces of ~r-truncated k-fold bimodules instead of k-fold bimodules
in the definition (47). Finally, the two spaces researched are the following ones:
F ~O(M) = limCk
F ~O ;M and T~r F ~O(M) = limCk
T~r F ~O ;M .
In particular, if O1 = · · · = Ok = O, then, for any i ∈ {1, . . . , k}, the spaces ~O(2) = O(2) and the maps (46)
are the identity maps. Consequently, given a morphism of the form f ∈ Ck(i ; (0 , i)), the continuous map
F ~O ;M (f ) is also the identity map and the above limits can be simplified and take the following form:
F ~O(M) = Map∗
(
ΣO(2) ; Bimodh
~O
(O+ ;M)
)
,
T~r F ~O(M) = Map∗
(
ΣO(2) ; T~r Bimod
h
~O
(O+ ;M)
)
.
5.2 An alternative resolution for the k-fold infinitesimal bimodule O
In order to give an explicit description of the maps (44) and (45), we need to change slightly the cofibrant
resolution of O in the category of k-fold infinitesimal bimodules introduced in Construction 2.15. This
alternative resolution is obtained as a semi-direct product of the resolution BΛ(O+) and a sequence I .
Definition 5.3. The intermediate sequence I
The space I ~O(n), also denoted by I (n) when ~O is understood, consists in labelling by elements in the
operads O1, . . . ,Ok and points in the interval [0 , 1] the vertices of an alternative version of the set of k-
fold pearled trees (see Definition 2.14). More precisely, we denote by pT ree′[n] the set formed by families
(T ,f1, . . . , fk) where T is a pearled tree having n leaves and without univalent vertices other than the pearl.
The application fi : E(T )→ {external ; internal} satisfies the following conditions:
I the output edge of the pearl is necessarily internal,
I if the output edge of a vertex is external, then its incoming edges are also external,
I if fi (e) = internal, then fj (e) = internal for all j , i or fj (e) = external for all j , i.
For any v ∈ V (T ), we denote by Sv = (S1v , . . . ,Skv ) ∈ Pk({1, . . . , |v|}) the element given by the formula
Siv B

the augmented set + if the image of the output edge of v by fi is external,{
j ∈ {1, . . . , |v|} ∣∣∣ the image of the j-th incoming edge of v by fi is internal } otherwise.
Finally, the space I (n) is given by the quotient of the subspace of ∐
pT ree′[n]
~OSp (S
1
p , . . . ,S
k
p )×
∏
v∈V (T )\{p}
[
~OSv (S
1
v , . . . ,S
k
v )× [0 , 1]
] 
/
∼
with the following condition: if two vertices v and v′ are connected by an inner edge from v to v′ according
to the direction toward the pearl, then the real numbers tv and tv′ associated to v and v′ ,respectively, satisfy
the relation tv ≥ tv′ . By convention, the pearl is indexed by 0 and the external edges are represented by
dotted lines.
Figure 19: Illustration of a point in I (12) with k = 3.
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The equivalence relation is generated by the unit axiom and the compatibility with the symmetric
group action preserving the position of the pearl. Furthermore, if two vertices v and v′ are connected by
an inner edge e (from v to v′ according to the orientation toward the pearl) and if they are indexed by the
same real number t, then we contract e using the operations (27). The vertex obtained from the contraction
is indexed by t. We denote by [T ; {xv} ; {tv}] a point in I (n). For instance, the point represented in Figure
19 is equivalent to the following one:
.
The k-fold right operation over ~OS :
Let x = [T ; {xv} ; {tv}] be a point in I (n). For any i ∈ {1, . . . ,n} and S = {S1, . . . ,Sk} ∈ Pk({1, . . . ,m}) such that
Sj = + if the image of i-th leaf of T by the application fj is external, there exists a map
◦i [x] : ~OS (S1, . . . ,Sk) −→ I (n+m− 1),
which consists in grafting the m-corolla indexed by the point in ~OS (S1, . . . ,Sk) and the real number 1 into
the i-th leaf of T . Then, we extend the application fi : E(T ) → {external ; internal} by labelling the j-th
leaf the corolla by internal if and only if j ∈ Si . For instance, the composition ◦2[x], where x is the point
represented in Figure 19, with an element (θ1,θ2,θ3) ∈ ~OS (S1,S2,S3) associated to the elements S1 = {1; 3},
S2 = {2} and S3 = ∅ in P3({1,2,3}) gives rise to
The left k-fold infinitesimal operations over ~O:
Given (n1, . . . ,nk) ∈Nk , there is a map of the form
µ : ~O(n1, . . . ,nk)×I (m) −→ I (m+n1 + · · ·+nk − k),
which consists in grafting the point in I (m) into the first leaf of the (n1 + · · ·+nk −k+ 1)-corolla indexed by
the point in ~O(n1, . . . ,nk) and the real number 1. Then, we extend the map fi : E(T )→ {internal ; external},
associated to the point in I (m), by labelling the j-th leaf of the corolla by internal if and only if one has
j ∈ {1,n1 + · · · + ni−1 − i + 3, . . . ,n1 + · · · + ni − i + 1}. For instance, the left k-fold infinitesimal operation,
applied to the point in I (12) represented in Figure 19 and the point (θ1,θ2,θ3) ∈ ~O(2;3;1), gives rise to
the following element in I (15):
50
Finally, there is a map
η′′ : I (n) −→
∐
S∈Pk({1,...,n})
~OS (S1, . . . ,Sk), (48)
sending a point [T ; {θv} ; {tv}] to the element obtained by fixing the parameters {tv} to 0 and indexed by
the family of power sets S = (S1, . . . ,Sk) ∈ Pk({1, . . . ,n}) with
Si =
{
j ∈ {1, . . . ,n} ∣∣∣ the image of the j-th leaf of T by fi is internal}.
Construction 5.4. The aim of the following construction is to introduce an alternative cofibrant resolution
of the k-fold infinitesimal bimodule O by using the k-fold bimodule structure of O+. The k-fold sequence
Ib(O) is obtained as a combination of the intermediate sequence I introduced in Definition 5.3 and the
Boardman-Vogt resolution BΛ(O+). More precisely, one has
Ib(O)(n1, . . . ,nk) ⊂

∐
l>0, {miu }1≤i≤l1≤u≤k
Σ~n ×I (l)×
∏
1≤i≤l
BΛ(O+)(mi1, . . . ,mik)

/
∼, with
∑
1≤i≤l
miu,+
miu = nu ,
such that miu ∈ Nunionsq {+} and (mi1, . . . ,mik) , (+, . . . ,+). A point in Ib(O) is denoted by [x ; y1, . . . , yl ;σ ] where
x ∈ I (l), yi = (yi1, . . . , yik) ∈ BΛ(O+) and σ ∈ Σn1 × · · · × Σnk = Σ~n. Furthermore, such a point satisfies the
following condition:
I the image of the i-th leaf of x by fu is external if and only if miu = +.
Figure 20: Illustration of a point in Ib(O)(7;2).
The equivalence relation is generated by the compatibility with the symmetric group action (preserving
the position of the pearl for the pearled trees) as well as the unit axiom. We also extend the relation
illustrated in Figure 14. If one the leaf of x is associated to a based point in O+(n1, . . . ,nk), with ni ∈ {+; 0},
then we remove the based point and we contract the corresponding leaf of x using the operadic structures
of O1, . . . ,Ok . Furthermore, the equivalence relation is also generated by the following conditions:
I the relation equalizing the right ~O-action on I and the left ~O-action on BΛ(O+): for any element
~θ = ~OS (S1, . . . ,Sk), one has the identification[
x,y1, . . . , ~θ(yi ;1, . . . , yi ;m), . . . , yl
]
∼
[
◦i [x](~θ), y1, . . . , yi ;1, . . . , yi ;m, . . . , yl
]
. (49)
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For instance, the element represented in Figure 20 is equivalent to the following one:
I the relation used to get a k-fold infinitesimal bimodule: if the root of x ∈ I is indexed by 1, then the
elements yiu associated to a leaf directly connected to the root of x are identified with their image
through the map (38). For instance, the point represented in Figure 20 is equivalent to
The k-fold right infinitesimal operations are obtained by using the k-fold right bimodule structure of
BΛ(O+). The k-fold infinitesimal left operations are defined using the left structure of the intermediate
sequence I . More precisely, one has
µ : ~O(n1 + 1, . . . ,nk + 1)×Ib(O)(m1, . . . ,mk) −→ Ib(O)(n1 +m1, . . . ,nk +mk);
~θ ;
[
x;y1, . . . , yl ;σ
]
7−→
[
µ(~θ ; x) ; y1, . . . , yl , z1, . . . , zn1+···+nk ;σ
]
,
with zi = (zi1, . . . , z
i
k) given by z
i
l =

if i ∈ {n1 + · · ·+nl−1 + 1, . . . ,n1 + · · ·+nl },
otherwise.
Finally, we consider a map of k-fold infinitesimal bimodules from Ib(O) to O using the map of k-fold
bimodules (34) and the map of k-fold sequences (48):
η : Ib(O)(n1, . . . ,nk) −→ O(n1, . . . ,nk);[
x ; y1, . . . , yl ; σ
]
7−→
(
η′′(x)(η′(y1), . . . ,η′(yl ))
)
· σ.
(50)
Similarly to the previous sections, we introduce a filtration of Ib(O) according to the number of inputs.
We say that an element is prime if it is not obtained as a result of the infinitesimal bimodule structure. In
other words, the root of x as well as the vertices above the sections of y1, . . . yl are indexed by real numbers
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strictly smaller than 1. Otherwise, the element is said to be composite and can be assigned to a prime
component by removing the root of x (if the letter one is indexed by 1) together with all yi such that the
i-th leaf of x is directly connected to the root; and, by removing all vertices from the element yj that are
above the sections and indexed by 1. For instance, the prime component associated to the composite point
represented in Figure 20 is the following one:
Let ~r = (r1, . . . , rk) ∈Nk and [x ; y1, . . . , yl ; σ ] be a prime point where yiu is indexed by the k-fold tree with
section (T i1 , . . . ,T
i
k ). The prime point is in the ~r-th filtration term Ib(O)[~r ] if, for each u ∈ {1, . . . , k}, the sum
of the inputs of the trees with section T 1u , . . . ,T
l
u is smaller than ru . Besides, a composite point is in the
~r-th filtration term if its prime component is in Ib(O)[~r ]. For instance, the composite point represented in
Figure 20 is in the filtration term Ib(O)[3 ; 3]. By construction, Ib(O)[~r ] is a k-fold infinitesimal bimodule
and, for each pair ~m ≤ ~n, there is a map
ι[ ~m ≤ ~n ] : Ib(O)[ ~m ] −→ Ib(O)[~n ]. (51)
Theorem 5.5. If the operads O1, . . . ,Ok are well pointed and Σ-cofibrant, then the k-fold (truncated) infinites-
imal bimodules Ib(O) and T~r (Ib(O)[~r ]) are cofibrant replacements of O and T~r O in the Reedy model categories
Ibimod ~O and T~r Ibimod ~O, respectively. In particular, the map (50) is a weak equivalence and the maps of the
form (51) are cofibrations.
Proof. First, we show that the map (50) is a weak equivalence in the category of k-fold infinitesimal bimod-
ules. By construction of the Reedy model category structure, we only need to check that the map (50) is a
weak equivalence as a map of k-fold sequences. For this purpose, we consider the map of k-fold sequences
ι : O(n1, . . . ,nk) −→ Ib(O)(n1, . . . ,nk);
(x1, . . . ,xk) 7−→
[
x ; y1, . . . , yn1+···+nk ; id
]
.
(52)
The point x is the pearled (n1 +· · ·+nk)-corolla indexed by (x1, . . . ,xk) seen as a point in ~OS (S1, . . . ,Sk) where
S = (S1, . . . ,Sk) is the element in Pk(n1 + · · ·+nk) given by
Si = {n1 + · · ·+ni−1 + 1, . . . ,n1 + · · ·+ni }.
The point yi = (yi1, . . . , y
i
k) ∈ BΛ(O+) is defined as follows:
yiu =

if i ∈ {n1 + · · ·+nu−1 + 1, . . . ,n1 + · · ·+nu},
otherwise.
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The maps (50) and (52) give rise to a homotopy retract. Indeed, let A be the k-fold sequence formed
by points [x ; y1, . . . , yl ; id] ∈ Ib(O) where yi = (yi1, . . . , yik) has only one parameter which is a 1-corolla in-
dexed by the unit of the operads whereas the other parameters are 0-corollas with an external output.
Furthermore, if yiu is a 1-corolla, then the other elements y
i′
u , with i
′ , i, are necessarily 0-corollas. As
a consequence of the homotopy introduced in the proof of Lemma 4.20 and the relation (49), the k-fold
sequences Ib(O) and A are homotopically equivalent. For instance, the homotopy sends the point repre-
sented in Figure 20 to the following element in A:
Then, the second part of the homotopy consists in bringing the real numbers indexing the point in A
to 0. Such a point can be identified with an element in the image of the application (52). In particular, the
homotopy sends the point represented in Figure 20 to the following element:
We refer the reader to [13] for a detailed account of the fact that Ib(O) and its truncated version are
cofibrant in the appropriate model category. The idea is to check that the map ι[ ~m ≤ ~n ] is a cofibration
in the category of k-fold infinitesimal bimodules over ~O>0 (see Theorem 2.11). Similarly to the proof of
Theorem 4.19, we assume that k = 2, ~m = (m1 ;m2) and ~n = (m1 + 1;m2). In that case, the map ι[ ~m ≤ ~n ] is
obtained as a sequence of k-fold infinitesimal bimodule maps
Ib(O)[ ~m ] // Ib+(O)[~n ] // Ib0(O)[~n ] // · · · // Ibm2 (O)[~n ] = Ib(O)[~n ] (53)
where the k-fold infinitesimal bimodule Ib+(O)[~n ] is defined using the pushout diagram
FIb ; ~O>0
(
∂Ib(O)(m1 + 1; +)
)
//

F
Ib ; ~O>0
(
Ib(O)(m1 + 1; +)
)

Ib(O)[ ~m ] // Ib+(O)[~n ]
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where the space Ib(O)(m1 + 1; +), seen as a sequence concentrated in arity (m1 + 1; 0), is formed by points
[x ; y1, . . . , yl ; σ ] in Ib(O)(m1 + 1; 0) for which the application f2 associated to x labels by external the
edges other than the edges composing the path joining the pearl to the root. Then, ∂Ib(O)(m1 + 1; +) is
the sub-sequence formed by points [x ; y1, . . . , yl ; σ ] having a decomposition of the form
[x ; y1, . . . , yl ; σ ] =

µ
(
θ ; [x˜ ; y˜1, . . . , y˜l ; id]
)
· σ with θ ∈ ~O,
or[
x˜ ; y˜1, . . . , y˜l ; id
]
◦ji θ with θ ∈Oi ,
where [x˜ ; y˜1, . . . , y˜l ; id] ∈ Ib(O)( l1 ; l2 ) with l1 ≤m1.
The k-fold infinitesimal bimodule Ib0(O)[~n ] is built using the pushout diagram
FIb ; ~O>0
(
∂Ib(O)(m1 + 1; 0)
)
//

F
Ib ; ~O>0
(
Ib(O)(m1 + 1; 0)
)

Ib+(O)[~n ] // Ib0(O)[~n ]
where the space ∂Ib(O)(m1+1; 0) is the sub-sequence of Ib(O)(m1+1; 0) formed by points [x ; y1, . . . , yl ; σ ]
in Ib(O)(m1 + 1; +) or having a decomposition of the form
[x ; y1, . . . , yl ; σ ] =

µ
(
θ ; [x˜ ; y˜1, . . . , y˜l ; id]
)
· σ with θ ∈ ~O,
or[
x˜ ; y˜1, . . . , y˜l ; id
]
◦ji θ with θ ∈Oi ,
where [x˜ ; y˜1, . . . , y˜l ; id] ∈ Ib(O)( l1 ; l2 ) with l1 ≤m1 or l1 =m1 + 1 and l2 = +.
Finally, the k-fold infinitesimal bimodules Ibi (O)[~n ] are obtained by induction using pushout diagrams
of the form
FIb ; ~O>0
(
∂Ib(O)(m1 + 1; i )
)
//

F
Ib ; ~O>0
(
Ib(O)(m1 + 1; i )
)

Ibi−1(O)[~n ] // Ibi (O)[~n ]
where the space Ib(O)(m1+1; i ) is seen as a sequence concentrated in arity (m1+1; i) and ∂Ib(O)(m1+1; i )
is the sub-sequence formed by points [x ; y1, . . . , yl ; σ ] having a decomposition of the form
[x ; y1, . . . , yl ; σ ] =

µ
(
θ ; [x˜ ; y˜1, . . . , y˜l ; id]
)
· σ with θ ∈ ~O,
or[
x˜ ; y˜1, . . . , y˜l ; id
]
◦ji θ with θ ∈Oi ,
where [x˜ ; y˜1, . . . , y˜l ; id] ∈ Ib(O)( l1 ; l2 ) with l1 ≤ m1 or l1 = m1 + 1 and l2 < i. By induction on the num-
ber of vertices, the inclusion from ∂Ib(O)(m1 + 1; i) to Ib(O)(m1 + 1; i) is a cofibration in the category
of sequences. Since the free k-fold infinitesimal bimodule functor and pushout diagrams preserve cofi-
brations, the horizontal maps in the above diagrams are cofibrations in the projective model category of
k-fold infinitesimal bimodules over ~O>0. Thus proves that (53) is a sequence of cofibrations and ι[ ~m ≤ ~n]
is a cofibration in the Reedy model category. 
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5.3 Relation between k-fold infinitesimal bimodules and k-fold bimodules
As a consequence of the explicit resolution BΛ(O+) ofO+ as a k-fold bimodule, introduced in Section 4.3, as
well as the alternative resolution Ib(O) of O as a k-fold infinitesimal bimodule, introduced in the previous
section, we are able to describe the map
γ : F ~O(M) −→ Ibimod ~O
(
Ib(O) ;M−
)
. (54)
By using the cofibrant replacement BΛ(O+), we can make the space F ~O(M) more explicit. A point is a
family of continuous maps of the form
f0[~n ] :
∑ ~O(2)×BΛ(O+)(~n ) −→M(~n ), with ~n , (+, . . . ,+),
fi [n ] :
∑
Oi (2)×BΛ(Oi )(n ) −→Mi (n ), with i ∈ {1, . . . , k} and n ≥ 0,
(55)
satisfying some relations related to the k-fold right operations:
I For ~θ ∈ ~OS ( ~m ), S ∈ Pk({1, . . . , l}) and yi ∈ BΛ(O+)( ~mi ) such that Su = + and mui = + if u < A, one has
f0[~n ]
(
[x1, . . . ,xk ; t] ; ~θ(y1, . . . , yl )
)
= ~θ
(
f0[ ~m1 ]([x1, . . . ,xk ; t] ; y1), · · · , f0[ ~ml ]([x1, . . . ,xk ; t] ; yl )
)
,
I For θ ∈Oi ( l ) and yi ∈ BΛ(Oi )(mi ), one has
fi [n ]
(
[x ; t] ; θ(y1, . . . , yl )
)
= θ
(
fi [m1 ]([x ; t] ; y1), · · · , fi [ml ]([x ; t] ; yl )
)
,
satisfying a relation related to the k-fold left operations:
I For x ∈ BΛ(O+)(n1, . . . ,nk) and θ ∈Oj (l), one has
f0[n1, . . . ,nj + l − 1, . . . ,nk]
(
[x1, . . . ,xk ; t] ; x ◦ij θ
)
=
(
f0[n1, . . . ,nj , . . . ,nk]([x1, . . . ,xk ; t] ; x)
)
◦ij θ,
I For y ∈ BΛ(Oj )(n) and θ ∈Oj (l), one has
fj [n+ l − 1]
(
[x ; t] ; y ◦i θ
)
=
(
fj [n]([x ; t] ; y)
)
◦i θ,
satisfying a relation related to the based point η:
I For y ∈ BΛ(O+)(~n ) and (x1, . . . ,xk) ∈ ~O(2), one has
f0[~n ]
(
[x1, . . . ,xk ; 0] ; y
)
= η ◦µ′(y),
I For y ∈ BΛ(O+i )(n ) and x ∈Oi (2), one has
fi [n ]
(
[x ; 0] ; y
)
= ηi ◦µ′(y),
satisfying a relation related to the limit where δi is the map (46):
I For i ∈ {1, . . . , k}, y ∈ BΛ(Oi )(n ) = BΛ(O+)(+, . . . ,+,n,+, . . . ,+) and [x1, · · · ,xk ; t] ∈ Σ ~O(2), one has
f0[+, . . . ,+,n,+, . . . ,+]
(
[x1, · · · ,xk ; t] ; y
)
= fi [n ]
(
[xi ; t] ; y
)
.
Similarly, there is a description of the truncated space T~r F ~O(M) in which the family of continuous maps
(55) is indexed by elements ~n = (n1, . . . ,nk) such that ni ≤ ri .
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For i ∈ {1, . . . ,n} and x = [T ; {xv} ; {tv}] a point in I (n), we denote by ji (x) the first common vertex in
T shared by the path joining the i-th leaf to the root and the path joining the pearl to the root. We also
denote by ei (x) the incoming edge of the vertex ji (x) composing the path joining the i-th leaf to the root.
We consider the application
%i : I (n) −→ {0, . . . , k};
x 7−→
 0 if fl (ei (x)) = internal ∀l ∈ {1, . . . , k},l if fl (ei (x)) = internal and fl′ (ei (x)) = external ∀l′ , l.
We also consider the map
τi : I (n)
pi // Cone
(
~O(2)
)
unionsq
∐
1≤i≤k
Cone
(
Oi (2)
) q // ∑ ~O(2)unionsq ∐
1≤i≤k
∑
Oi (2), (56)
where q is the quotient map from the cone to the suspension. Let (x1, . . . ,xk ; t) be the parameters associated
to the vertex ji (x). In order to define pi (x), we consider two cases:
i) if %i (x) = 0, then pi (x) is the point in Cone
(
~O(2)
)
obtained from (x1, . . . ,xk ; t) by composing the
inputs other than the first ones and the inputs corresponding to ei (x) with the unique points in
O1(0), . . . ,Ok(0).
ii) if %i (x) = l > 0, then pi (x) is the point in Cone
(
Oi (2)
)
obtained from (xi ; t) by composing the inputs
other than the first one and the input corresponding to ei (x) with the unique point in Oi (0).
Figure 21: Illustration of the applications % and τ .
From now on, we use the above notation in order to describe the map (54). By abuse of notation, if
y ∈ BΛ(Oi )(n), then we also denote by y the corresponding point in BΛ(O+)(+, . . . ,+,n,+, . . . ,+) = BΛ(Oi )(n).
Let {fi }0≤i≤k be a point of the form (55). Then, one has
γ
(
{fi }
)
: Ib(O)(n1, . . . ,nk) −→ M−(n1, . . . ,nk);[
x ; y1, . . . , yl ; σ
]
7−→ η′′(x)
(
f%1(x)[ ~m1 ](τ1(x) ; y
1), · · · , f%l (x)[ ~ml ](τl (x) ; yl )
)
· σ. (57)
The reader can check that the condition (43) on M makes (57) into a k-fold infinitesimal bimodule map.
5.4 The notion of coherent operad
In this subsection we introduce the notion of coherent operad used in Theorem 5.1. We refer the reader to
[13, Section 4.1] for more details and illustrations of this notion. In what follows, an object c in a category
C is said to be partially terminal if there is no morphism from c to c′ for any objects c′ , c. Given a category
C, we denote by ∂C its subset of non-partially terminal objects.
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Definition 5.6. The partial ordered sets Ψk and Ψ
′
k
(i) For any k ≥ 0, the category Ψk has for objects non-planar pearled trees with k leaves labelled bijec-
tively by the set {1, . . . , k}, whose pearl can have any arity ≥ 0, and the other vertices are of arity ≥ 2.
The morphisms in Ψk are inner edge contractions.
(ii) For each Ψk , we denote by ck its terminal object, which is the pearled k-corolla, and by c
′
k , k ≥ 2, the
tree with 2 vertices: a pearled root of arity one, whose only outgoing edge is attached to the other
vertex of arity k.
(iii) We denote by Ψ ′k , k ≥ 2, the subcategory of Ψk of all morphisms except the morphism c′k → ck .
Figure 22: Categories Ψ0, Ψ1, Ψ2. Morphism c′2→ c2 is shown by a dotted arrow.
Definition 5.7. For a topological operad O, an O-Ibimodule M, and k ≥ 0, define a Ψk shaped diagram
ρMk : Ψk −→ Top;
T 7→ M (|p|)×
∏
v∈V (T )\{p}
O
(
|v|
)
.
On morphism it is defined by choosing a planar representative of each pearled tree, and then using the
operadic composition and O-action on M for each edge contraction. The choice of planar representatives
won’t matter in the sense that the obtained diagrams are objectwise homeomorphic.
Definition 5.8. Coherent diagrams and operads
(i) A diagram ρ : Ψk → Top, k ≥ 2, is called coherent, if the natural map below is a weak equivalence:
hocolim
∂Ψk
ρ −→ hocolim
Ψ ′k
ρ. (58)
(ii) A topological operad O is called coherent, respectively, k-coherent, if the diagrams ρOi are coherent
for all i ≥ 2, respectively, for all i in the range 2 ≤ i ≤ k.
5.5 Proof of the main Theorem 5.1
Without loss of generality, we assume thatM is Reedy fibrant in the category of k-fold bimodules equipped
with the Reedy model category structure. Indeed, if M is not Reedy fibrant, then we substitute M by
a fibrant replacement M → Mf which necessarily satisfies the conditions (43). Such a replacement is
endowed with a map of k-fold bimodules O+→M→Mf . Furthermore, we assume that k = 2.
Let O1 and O2 be a pair of 2-reduced operads relative to O. The operad O1 is j1-coherent whereas the
operad O2 is j2-coherent. First, let us remark that the map
γ~0 : T~0F ~O(M) −→ T~0 Ibimod ~O
(
Ib(O) ;M−
)
is an isomorphism since the 2-fold bimodule M satisfies the relations M(0,0) =M(0,+) =M(+,0) = ∗.
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From now on, we assume that the γ ~m is a weak equivalence for some ~m = (m1 ;m2) ∈ N×2 such that
(0 ; 0) < ~m < (j1 ; j2). We prove by induction that γ~n, with ~n = (m1 + 1;m2) is also a weak equivalence.
Indeed, according to the notation introduced in the proofs of Theorem 4.19 and Theorem 5.5, γ~n induces
a map between two towers of fibrations
T~nF ~O(M)
γ~n // T~nIbimod ~O
(
Ib(O) ;M−
)
F ~O(M)[m2]

γm2 // Ibimod ~O
(
Ibm2 (O)[~n] ;M−
)

Ibimod ~O
(
Ib(O)[~n] ;M−
)
...

...

F ~O(M)[0]

γ0 // Ibimod ~O
(
Ib0(O)[~n] ;M−
)

F ~O(M)[+]

γ+ // Ibimod ~O
(
Ib+(O)[~n] ;M−
)

T ~mF ~O(M)
γ ~m
' // T ~mIbimod ~O
(
Ib(O) ;M−
)
Ibimod ~O
(
Ib(O)[ ~m] ;M−
)
where F ~O(M)[i], with i ∈ {+,0, . . . , k}, is the limit of the diagram
Map∗
(∑
O1(2) ; BimodO1 (BΛ(O1)[m1 + 1] ;M1)
)
--
Map∗
(∑ ~O(2) ; BimodO1 (BΛ(O1)[m1 + 1] ;M1))
Map∗
(∑ ~O(2) ; Bimod ~O(BΛi (O+)[~n] ;M))
11
--
Map∗
(∑ ~O(2) ; BimodO2 (BΛ(O2)[m2] ;M2))
Map∗
(∑
O2(2) ; BimodO2 (BΛ(O2)[m2] ;M2)
) 11
We prove by induction that the map γ~n is a weak equivalence. For this purpose, we assume that γi−1
is a weak equivalence and we consider the following commutative diagram:
F ~O(M)[i − 1]
γi−1'

F ~O(M)[i]
oo
γi

Fi1(g)
oo
γg

Ibimod ~O
(
Ibi−1(O) ;M−
)
Ibimod ~O
(
Ibi (O) ;M−
)
oo Fi2(g∗)oo
where Fi1(g) is the fiber over an element g ∈ F ~O(M)[i − 1] and Fi2(g∗) is the fiber over g∗ = γi−1(g). Since
the left horizontal maps are fibrations, γi is a weak equivalence if the map γg between the fibers is a weak
equivalence.
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The first step is to describe the fibers Fi1(g) and F
i
2(g∗) as certain spaces of section extensions. As
explained in [13, Section 7.1], for a Serre fibration pi : E → B, we denote by Γ (pi ; B) the space of global
sections of pi. For A ⊂ B and a partial section s : A→ E, we denote by
Γs(pi ; B ; A)
the space of sections f : B → E extending s, i.e. f|A = s. In order to avoid heavy notation, every map
induced by g will be denoted by g∗.
Description of the fiber Fi2(g∗) as a space of section extensions
Let i ∈ {+,0, . . . ,m2}. The fiber Fi2(g∗) is a space of Σ = (Σm1+1 ×Σi )-equivariant maps
f : Ib(O)(m1 + 1; +) −→M(m1 + 1; 0) if i = +,
f : Ib(O)(m1 + 1; i) −→M(m1 + 1; i) otherwise,
(59)
satisfying two conditions. First, it is determined by g on all composite point. In other words, it is deter-
mined on the subspace ∂Ib(O)(m1 + 1; i) (see the proof of Theorem 5.5). Indeed, we can apply g∗ on its
prime component and then the k-fold infinitesimal bimodule structure. Secondly, it should respect the
Λ×k-structure, i.e. the right actions by O1(0) and O2(0).
The first condition means that the upper triangle below must commute
∂Ib(O)(m1 + 1; i) //

M(m1 + 1; i)

Ib(O)(m1 + 1; i) //
f
66
M(M)(m1 + 1; i)
(60)
while the second condition means that the lower triangle commutes. Here the right arrow is the matching
map (see Section 2.2.2), which is a fibration as we assumed that M is Reedy fibrant. The lower map is the
composition
Ib(O)(m1 + 1; i) −→M(Ib(O))(m1 + 1; i) −→M(M)(m1 + 1; i)
where the first map is the matching map and the second one isM(g)(m1 + 1; i).
Now we consider the pullback E of the right arrow of (60) along its lower one. We get a fibration of
Σ-spaces
pi : E −→ Ib(O)(m1 + 1; i).
Since Ib(O)(m1 + 1; i) is Σ-cofibrant and the property of being a Serre fibration is local, the map
pi/Σ : E/Σ −→ Ib(O)(m1 + 1; i)/Σ
is still a Serre fibration.
Finally, the fiber F2(g∗) is the space of section extensions
Fi2(g∗)  Γg∗
(
pi/Σ ; Ib(O)(m1 + 1; i)/Σ ; ∂Ib(O)(m1 + 1; i)/Σ
)
where g∗ is the upper arrow in Diagram (60).
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Description of the fiber Fi1(g∗) as a space of section extensions
There are two cases to consider. First, we assume that i = +. Then the points in the fiber F+1 (g) can be
described as the space of Σ = Σm1+1-equivariant maps
f ′ : Σ ~O(2)×BΛ(O+)(m1 + 1; +) −→ M(m1 + 1; +),
f ′′ : ΣO1(2)×BΛ(O1)(m1 + 1) −→ M(m1 + 1; +),
satisfying in particular the relation
f ′
(
[α1 , α2 ; t] ; x
)
= f ′′
(
[α1 ; t] ; x
)
, with
 [α1 , α2 ; t] ∈ Σ
~O(2),
x ∈ BΛ(O+)(m1 + 1; +).
Consequently, such a point is entirely determined by the application f ′′ . Similarly to the previous subsec-
tion, f ′′ satisfies two conditions. First, it is determined by g on the subspace ∂BΛ(O1)(m1 + 1; +) and it is
also determined by η on the based point of the suspension. Secondly, it should respect the Λ×k+ -structure.
These conditions can be represented by a commutative diagram
∂
(
ΣO1(2)×BΛ(O1)(m1 + 1)
)
//

M(m1 + 1; +)

ΣO1(2)×BΛ(O1)(m1 + 1)
f ′′
55
// M(M)(m1 + 1; +)
(61)
The second condition coincides with the commutativity of the lower triangle. The first condition coincides
with the commutativity of the upper triangle in which the boundary space is given by the pushout product
(
ΣO1(2)×∂BΛ(O1)(m1 + 1)
) ∐
∗×∂BΛ(O1)(m1+1)
(
∗ ×BΛ(O1)(m1 + 1)
)
.
On the first part of the boundary, the upper map of (61) is determined by the application g while the
second part is given by the composition
∗ ×BΛ(O1)(m1 + 1) pr2 // B
Λ(O1)(m1 + 1)
µ′′
// O1(m1 + 1) η
// M(m1 + 1; +).
Now we consider the pullback E of the right arrow of (61) along its lower one. We get a fibration of
Σ-spaces
pi : E −→ ΣO1(2)×BΛ(O1)(m1 + 1).
Since ΣO1(2)×BΛ(O1)(m1 + 1) is Σ-cofibrant and the property of being a Serre fibration is local, the map
pi/Σ : E/Σ −→ ΣO1(2)×BΛ(O1)(m1 + 1)/Σ
is still a Serre fibration.
Finally, the F1(g∗) is the space of section extensions
F+1 (g∗)  Γg∗
(
pi/Σ ; ΣO1(2)×BΛ(O1)(m1 + 1)/Σ ; ∂
(
ΣO1(2)×BΛ(O1)(m1 + 1)
)
/Σ
)
where g∗ is the upper arrow in Diagram (60).
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From now on, we assume that i ∈ {0, . . . ,m2}. Then the points in the fiber Fi1(g) is the space of Σ =
(Σm1+1 ×Σi )-equivariant maps
f ′ : Σ ~O(2)×BΛ(O+)(m1 + 1; i) −→ M(m1 + 1; i),
satisfying two conditions. First, it is determined by g on the subspace ∂BΛ(O+)(m1 + 1; i) and it is also
determined by η on the based point of the suspension. Secondly, it should respect the Λ×k+ -structure.
These conditions can be represented by a commutative diagram
∂
(
Σ ~O(2)×BΛ(O+)(m1 + 1; i)
)
//

M(m1 + 1; i)

Σ ~O(2)×BΛ(O+)(m1 + 1; i)
f ′
55
// M(M)(m1 + 1; i)
(62)
The second condition coincides with the commutativity of the lower triangle. The first condition coincides
with the commutativity of the upper triangle in which the boundary space in the above diagram is given
by the pushout product(
Σ ~O(2)×∂BΛ(O+)(m1 + 1; i)
) ∐
∗×∂BΛ(O+)(m1+1; i)
(
∗ ×BΛ(O+)(m1 + 1; i)
)
.
On the first part of the boundary, the upper map of (62) is determined by the application g while the
second part is given by the composition
∗ ×BΛ(O+)(m1 + 1; i) pr2 // B
Λ(O+)(m1 + 1; i)
µ′′
// O+(m1 + 1; i) η
// M(m1 + 1; i).
Now we consider the pullback E of the right arrow of (62) along its lower one. We get a fibration of
Σ-spaces
pi : E −→ Σ ~O(2)×BΛ(O+)(m1 + 1; i).
Since Σ ~O(2)×BΛ(O+)(m1 + 1; i) is Σ-cofibrant and the property of being a Serre fibration is local, the map
pi/Σ : E/Σ −→ Σ ~O(2)×BΛ(O+)(m1 + 1; i)/Σ
is still a Serre fibration. The fiber F1(g∗) is the space of section extensions
Fi1(g∗)  Γg∗
(
pi/Σ ; Σ ~O({1; 2})×BΛ(O+)(m1 + 1; i)/Σ ; ∂
(
Σ ~O(2)×BΛ(O+)(m1 + 1; i)
)
/Σ
)
.
Alternative description the spaces of section extensions associated to Fi1(g∗)
In order to identify the fiber Fi1(g) with a subspace of F
i
2(g∗), we consider the subspace
∂Ib(O)(m1 + 1; i) ⊂ ∂′Ib(O)(m1 + 1; i) ⊂ Ib(O)(m1 + 1; i)
containing ∂Ib(O)(m1 + 1; i) together with all the elements of the form [x ; y1, . . . , yl ; σ ] where l ≥ 2. So, we
claim that the map γg between the fibers sends a point in the fiber F
i
1(g) to a Σ-equivariant map f making
the following diagram commutes:
∂′Ib(O)(m1 + 1; i) //

M(m1 + 1; i)

Ib(O)(m1 + 1; i) //
f
66
M(M)(m1 + 1; i)
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Proposition 5.9. The fiber Fi1(g) is weakly equivalent to the space of section extensions
F˜i1(g) := Γg∗
(
pi/Σ ; Ib(O)(m1 + 1; i)/Σ ; ∂′Ib(O)(m1 + 1; i)/Σ
)
(63)
Proof. The proof is similar to [13, Section 7.1]. More precisely, for i ∈ {0, . . . ,m2}, the fiber Fi1(g) is home-
omorphic to to the space of section extensions (63). The homeomorphism is obtained from the map
(57). Its inverse is given by the image of the points [x ; y1 ; id] where y1 ∈ BΛ(O+)(m1 + 1; i) and x =
[(T ; f1 , f2) ; θr ; tr ] ∈ I (1) with [θr ; tr ] ∈ Σ ~O(2), T the pearled 2-corolla, f1 and f2 the applications indexing
the edges by internal.
For i = +, the fiber Fi1(g) is weakly equivalent to to the space of section extensions (63). Indeed, let us
consider the following commutative diagram in which the right horizontal maps are induced by the weak
equivalence ι1 :M(m1 + 1; +)→M(m1 + 1; 0):
∂
(
ΣO1(2)×BΛ(O1)(m1 + 1)
) g∗ //

M(m1 + 1; +)

' // M(m1 + 1; 0)

ΣO1(2)×BΛ(O1)(m1 + 1)
f ′′
22
// M(M)(m1 + 1; +) ' // M(M)(m1 + 1; 0)
(64)
Let E′ be the pullback of the right arrow of (64) along its lower one. We get a fibration of Σ-spaces
pi′ : E′ −→ ΣO1(2)×BΛ(O1)(m1 + 1).
Since ΣO1(2)×BΛ(O1)(m1 + 1) is Σ-cofibrant and the property of being a Serre fibration is local, the map
pi′/Σ : E
′
/Σ −→ ΣO1(2)×BΛ(O1)(m1 + 1)/Σ
is still a Serre fibration. Finally, we denote by F′1(g∗) is the space of section extensions
F′1(g∗) := Γι1◦g∗
(
pi′/Σ ; ΣO1(2)×BΛ(O1)(m1 + 1)/Σ ; ∂
(
ΣO1(2)×BΛ(O1)(m1 + 1)
)
/Σ
)
.
Since M is Reedy fibrant and ΣO1(2)×BΛ(O1)(m1 + 1) is Σ-cofibrant, the weak equivalence ι1 induces
a weak equivalence between the spaces of section extensions F+1 (g)→ F′1(g). Furthermore, there is a home-
omorphism between F′1(g) and F˜+1 (g). By using the identification
Ib(O)(m1 + 1; +)  Ib(O1)(m1 + 1),
the map φ : F′1(g)→ F˜+1 (g) sends an application
f ′′ : ΣO1(2)×BΛ(O1)(m1 + 1) −→M(m1 + 1; 0),
making the diagram (64) into a commutative diagram, to the point in F˜+1 (g) defined as follows:
φ(f ′′) : Ib(O1)(m1 + 1) −→ M(m1 + 1; 0);
[
x ; y1, . . . , yl ; σ
]
7−→

f ′′(y1) · σ if l = 1,
ι1 ◦ g∗
( [
x ; y1, . . . , yl ; σ
] )
otherwise.
Finally, one has the commutative diagram
F+1 (g)
' //

F′1(g)
'
||
F˜+1 (g)
where the left vertical map is induced by the map (57). Thus finishes the proof of the proposition. 
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Weak equivalence between the spaces of section extensions
According to the identifications obtained in the previous subsections, one has the commutative diagram:
Fi1(g)

Γg∗
(
pi/Σ ; Ib(O)(m1 + 1; i)/Σ ; ∂′Ib(O)(m1 + 1; i)/Σ
)
'oo

Fi2(g) Γg∗
(
pi/Σ ; Ib(O)(m1 + 1; i)/Σ ; ∂Ib(O)(m1 + 1; i)/Σ
)

oo
Lemma 5.10. [13, Lemma 7.2] Let pi : E→ Z be a Serre fibration and let X ⊂ Y ⊂ Z be cofibrant inclusion such
that the inclusion X ⊂ Y is a weak equivalence and X is cofibrant. For any section s : Y → E, the map
Γs(pi ; Z ; Y )→ Γs(pi ; Z ; X)
is a weak equivalence.
Lemma 5.11. The inclusion ∂Ib(O)(m1 + 1; i)→ ∂′Ib(O)(m1 + 1; i) is a weak equivalence.
Proof. The homotopy retract introduced in Lemma 4.21 can be extended in order to get a homotopy retract
IbO1 (O1)(m1 + 1)×IbO2 (O2)(i)
Ψ // Ib(O)(m1 + 1; i)
Υ
oo h}}
where the map Υ removes the external edges while the map Ψ consists in gluing together the elements
along the path joining the pearls to the roots of the pearled trees. For instance, the map Ψ sends the
element in the product space IbO1 (O1)(4)×IbO2 (O2)(5)
to the following point in Ib(O)(4 ; 5):
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Furthermore, the homotopy so obtained preserves the boundaries ∂ and ∂′ in the sense that the horizon-
tal maps (again obtained by removing the external edges) of the diagram below are homotopy equivalences
∂Ib(O)(m1 + 1; i) ' //

(
∂IbO1 (O1)(m1 + 1)×IbO2 (O2)(i)
) ∐
∂IbO1 (O1)(m1+1)×∂IbO2 (O2)(i)
(
IbO1 (O1)(m1 + 1)×∂IbO2 (O2)(i)
)
ν

∂′Ib(O)(m1 + 1; i) ' //

(
∂′IbO1 (O1)(m1 + 1)×IbO2 (O2)(i)
) ∐
∂′IbO1 (O1)(m1+1)×∂′IbO2 (O2)(i)
(
IbO1 (O1)(m1 + 1)×∂′IbO2 (O2)(i)
)

Ib(O)(m1 + 1; i) ' // IbO1 (O1)(m1 + 1)×IbO2 (O2)(i)
In [13], we show the connection between the boundary spaces above and the homotopy colimits (58). More
precisely, one has the following diagrams in which the horizontal maps are homeomorphisms [13, Theo-
rem 4.14] and the vertical maps are cofibrations (can be proved by induction on the number of vertices):
∂IbO1 (O1)(m1 + 1)

 // hocolim
∂Ψm1+1
ρ
O1
m1+1

∂′IbO1 (O1)(m1 + 1)

 // hocolim
Ψ ′m1+1
ρ
O1
m1+1

IbO1 (O1)(m1 + 1)
 // hocolim
Ψm1+1
ρ
O1
m1+1
∂IbO2 (O2)(i)

 // hocolim
∂Ψi
ρ
O2
i

∂′IbO2 (O2)(i)

 // hocolim
Ψ ′i
ρ
O2
i

IbO2 (O2)(i)
 // hocolim
Ψi
ρ
O2
i
Since the operads O1 are O2 are assumed to be j1-coherent and j2-coherent,respectively, then the upper
vertical maps in the above diagrams are weak equivalences. Consequently, the map ν between the pushout
product (which are cofibrant in the category of diagram in spaces) is a weak equivalence.Thus proves that
the map from ∂Ib(O)(m1 + 1; i) to ∂′Ib(O)(m1 + 1; i) is a weak equivalence too. 
6 Generalization and applications to the little cubes operads
Unfortunately, we can not apply Theorem 5.1 to the family of operads Cd1 , . . . ,Cdk relative to Cn, since
the little cubes operad is not 2-reduced. We conjecture that there exists an analogue of Theorem 5.1 for
families of operads O1, . . . ,Ok relative to O in which Oi is a weakly 2-reduced operad (i.e. Oi (0) = ∗ and
Oi (1) ' ∗). More precisely, we expect the following statement:
Conjecture 6.1. Let O1, . . . ,Ok be a family of well-pointed Σ-cofibrant weakly 2-reduced operads relative to
another weakly 2-reduced operadO and let η : O+→M be a map of k-fold bimodules such thatM(A1, . . . ,Ak) = ∗
for any elements (A1, . . . ,Ak) with Ai ∈ {+; ∅}. We assume that the applications
M(+, . . . ,+,Ai ,+, . . . ,+) −→M(∅, . . . ,∅,Ai ,∅, . . . ,∅)
induced by the k-fold bimodule structure are weak equivalences. If M is Σ-cofibrant and the operads O1, . . . ,Ok
are j1-coherent, . . ., jk-coherent, respectively, then one has
T~r F ~O(M) ' T~r Ibimodh~O(O ;M
−), ∀~r ≤ ~j = (j1, . . . , jk).
In particular, if M is Σ-cofibrant and the operads O1, . . . ,Ok are coherent, then one has
F ~O(M) ' Ibimodh~O(O ;M
−).
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In this section, we prove the above conjecture for the family of weakly 2-reduced operads Cd1 , . . . ,Cdk
relative to Cn. As a consequence of this result together with Theorem 3.1, we are able to give an explicit
description of the iterated loop spaces associated to high-dimensional spaces of string links and their poly-
nomial approximations. The last subsection provides another application of Theorem 5.1 to polynomial
approximations of high-dimensional spaces of string links with singularities.
6.1 Generalization to the family of little cubes operads
In the rest of the paper, by ~O, O and O+ we mean the objects introduced in Definition 4.1, Example 2.5
and Example 4.4, respectively, associated to the family of operads Cd1 , . . . ,Cdk relative to Cn. This section is
devoted to prove the following statement:
Theorem 6.2. Let η : O+→M be a k-fold bimodule map satisfying the conditions of Conjecture 6.1. Then, for
any ~r ∈Nk , one has the weak equivalences
F ~O(M) ' Ibimodh~O(O ;M
−),
T~r F ~O(M) ' T~r Ibimodh~O(O ;M
−).
In particular, if d1 = · · · = dk = d, then one has
Map∗
(
ΣO(2) ; Bimodh
~O
(O+ ;M)
)
' Ibimodh
~O
(O ;M−),
Map∗
(
ΣO(2) ; T~r Bimod
h
~O
(O+ ;M)
)
' T~r Ibimodh~O(O ;M
−).
In order to prove the above statement, we use the Fulton-MacPherson operad which is a 2-reduced
operad weakly equivalent to the little cubes operad. We also need to recall some general facts about the
homotopy theory of undercategories which are explained with more details in [13, Section 7.2].
6.1.1 Connection between the Fulton-MacPherson and the little cubes operads
The Fulton-MacPherson operad Fd is a 2-reduced operad weakly equivalent to the little cubes operad Cd .
It was introduced simultaneously by several people, in particular by Kontsevich and Getzler-Jones, since
then it had a countless number of applications in mathematical physics and topology [19, 22, 28, 29, 30,
32, 23]. In this section we recall briefly the definition of the Fulton-MacPherson operad and its connection
with the little cubes operads. Let Conf (n ; Rd ) be the space of configurations of points in Rd
Conf (n ; Rd ) :=
{
(xi ) ∈ (Rd )n
∣∣∣∀i , j, xi , xj } .
Let Conf0(n ; Rd ) = Conf (n ; Rd )/ ∼ be the quotient by the group of affine translations in Rd generated
by translation and scalar multiplication. Then, we introduce the following map where [0 , +∞] is the one
point compactification of [0 , +∞[:
ιn : Conf0(n ; Rd ) −→
(
Sd−1
)(n2 ) × ([0 , +∞])
(
n
3
)
;
(xi )1≤i≤n 7−→
(
xj−xi
|xj−xi |
)
(i ; j)
;
( |xi−xj |
|xi−xk |
)
(i ; j ;k)
.
Definition 6.3. The Fulton-MacPherson operad Fd
The d-dimensional Fulton-MacPherson operad Fd is defined by Fd (n) = Im(ιn). For instance, the point
resulting from the operadic composition in Figure 23 represents an infinitesimal configuration in Fd (6) in
which the points 1, 5 and 6 collided together, and so did 2, 3 and 4. But the distance between the points
2 and 4 is infinitesimally small compared to the distance between 2 and 3. In the following, we recall the
main properties of Fd .
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I Fd (0) = Fd (1) = ∗ and Fd (n), with n ≥ 2, is a manifold with corners whose interior is Conf0(n ; Rd ).
I Fd is an operad in compact semi-algebraic sets and the maps λ∗i : Fd (n)→ Fd (n − 1), induced by the
Λ-structure, are semi-algebraic fibrations.
I Fd is cofibrant in the Reedy model category of reduced operads.
Figure 23: Illustration of the operadic composition ◦2 : Fd(4)×Fd(3)→Fd(6).
Unfortunately, there is no direct operadic map between the Fulton-MacPherson operad Fd and the little
cubes operad Cd . Nevertheless, Salvatore builds in [28, Proposition 3.9] a zig-zag of weak equivalences of
reduced operads
Cd W (Cd )
µ′′oo g // Fd (65)
whereW (Cd ) is the Boardman-Vogt resolution of the little cubes operad in the Reedy category of reduced
operads. More precisely, if O is a reduced operad, then
W (O)(0) = ∗,
W (O)(n) =
 ∐T ∈T reen
∏
v∈V (T )
O(|v|)×
∏
e∈Eint(T )
[0 , 1]

/
∼,
where T reen is the set of trees having n leaves and without univalent vertices. The equivalence relation is
generated by the compatibility with the symmetric group action and the unit axiom. Furthermore, if an
inner edge is indexed by 0, then we contract it using the operadic structure of O. There exists a map of
operads
µ′′ :W (O) −→O,
sending the real numbers indexing the inner edges to 0. This map is a weak equivalence in the category
of operads and it is a homotopy equivalence in the category of sequences. In the latter case, the homotopy
consists in bringing the real numbers to 0.
On the other hand, Salvatore [28] gives an explicit description description of the operadic map g in (65).
For the present work, we recall that the argument making g into a weak equivalence is the commutativity
of the diagram
W (Cd )(n) g // Fd (n)
Cd (n)
'
OO
'
γ1
// Conf0(n ; ]0 , 1[d )
'
γ2
// Conf0(n ; Rd )
' i
OO (66)
The left horizontal map is the homotopy inverse of µ′′ , the map γ1 sends a configuration of rectangles to
their centers, the map γ2 is induced by the homeomorphism ]0 , 1[d ↪→ Rd and the map i is the h into the
interior of Fd (n).
67
Notation 6.4. For d1 ≤ · · · ≤ dk < n, we use the following notation:
I ~C is associated with the family of operads Cd1 , . . . ,Cdk relative to Cn;
I ~W (C) is associated with the family of operadsW (Cd1 ), . . . ,W (Cdk ) relative toW (Cn);
I ~F is associated with the family of operads Fd1 , . . . ,Fdk relative to Fn;
Proposition 6.5. The weak equivalences (65) extends to weak equivalences
~C ~W (C)
~µ′′oo ~g // ~F .
Proof. Without loss of generality, we prove the proposition for k = 2. Let S = (S1 ; S2) be an element
in P2({1, . . . ,n}). If S1 = + (the same arguments work in the case where S2 = +), then the following two
continuous maps:
µ′′S : ~W (C)S (S1 ; S2) −→ ~CS (S1 ; S2) and gS : ~W (C)S (S1 ; S2) −→ ~FS (S1 ; S2)
coincide by definition with the continuous maps
µ′′ :W (Cd2 )(S2) −→ Cd2 (S2) and g :W (Cd2 )(S2) −→ Fd2 (S2),
respectively, which are already weak equivalences.
From now on, we assume that S1 , + and S2 , +. Since the inclusion from Cd1 to Cn can be factorized
through Cd2 , one has
µ′′S :W (Cd1 )(S1)
∏
W (Cd2 )(S1∩S2)
W (Cd2 )(S2) −→ Cd1 (S1)
∏
Cd2 (S1∩S2)
Cd2 (S2).
The homotopy bringing the real numbers to 0 is still well defined in the pullback product and the map µ′′S
is a weak equivalence.
In order to prove that the map gS is also a weak equivalence, we adapt the diagram (66) introduced by
Salvatore. First, the homotopy inverse of µ′′S
Cd1 (S1)
∏
Cd2 (S1∩S2)
Cd2 (S2) −→W (Cd1 )(S1)
∏
W (Cd2 )(S1∩S2)
W (Cd2 )(S2)
is a weak equivalence. Then, the map sending a rectangle to its center provides a weak equivalence
Cd1 (S1)
∏
Cd2 (S1∩S2)
Cd2 (S2) −→ Conf0(S1 ; ]0 , 1[d1 )
∏
Conf0(S1∩S2 ; ]0 ,1[d2 )
Conf0(S2 ; ]0 , 1[
d2 ),
where the map
Conf0(S1 ; ]0 , 1[
d1 ) −→ Conf0(S1 ∩ S2 ; ]0 , 1[d2 )
is induced by the map forgetting the points in S1 \ (S1 ∩ S2) followed by the inclusion ]0 , 1[d1 ↪→]0 , 1[d2 .
The homeomorphisms ]0 , 1[d1→ Rd1 and ]0 , 1[d2→ Rd2 give rise to a weak equivalence
Conf0(S1 ; ]0 , 1[
d1 )
∏
Conf0(S1∩S2 ; ]0 ,1[d2 )
Conf0(S2 ; ]0 , 1[
d2 ) −→ Conf0(S1 ; Rd1 )
∏
Conf0(S1∩S2 ;Rd2 )
Conf0(S2 ; R
d2 ).
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Finally, the map between the limits
Conf0(S1 ; Rd1 )
∏
Conf0(S1∩S2 ;Rd2 )
Conf0(S2 ; Rd2 )

lim
(
Conf0(S1 ; Rd1 )
t1

// Conf0(S1 ∩ S2 ; Rd2 )
t2

Conf0(S2 ; Rd2 )
)
oo
t3

Fd1 (S1)
∏
Fd2 (S1∩S2)
Fd2 (S2) lim
(
Fd1 (S1) // Fd2 (S1 ∩ S2) Fd2 (S2)
)
oo
is a weak equivalence. Indeed, the right horizontal maps in the limits are fibrations and all the spaces are
fibrant. Consequently the limits are homotopically invariant. Furthermore, the vertical maps t1, t2 and t3
are weak equivalences and they provide a weak equivalence between the limit. Thus finishes the proof of
the proposition for k = 2. The general case can be proved by induction. 
6.1.2 General facts about homotopy theory
Given a model category structure C and an object c ∈ C , the undercategory (c ↓ C) inherits a model category
structure in which a map is a weak equivalence, fibration or a cofibration if the corresponding map in C is
a weak equivalence, fibration or a cofibration, respectively. From a Quillen adjunction between two model
categories
L : CD :R (67)
as well as two objects c ∈ C and d ∈ D together with a map
φ : c→R(d), (68)
then there is an adjunction
Lˆ : (c ↓ C) (d ↓ D) : Rˆ, (69)
where Rˆ sends d → d1 to the composition c → R(d) → R(d1) and Lˆ sends c → c1 to the pushout map
d→ d unionsqL(c) L(c1) in which the map L(c)→ d is the left adjunct of φ.
Lemma 6.6 ([13]). In case (67) is a Quillen equivalence between left proper model categories, the functor C
preserves weak equivalences and (68) is a weak equivalence, then (69) is a Quillen equivalence.
Proposition 6.7. Let ~α : ~O→ ~O′ be a weak equivalence between two families of Reedy cofibrant operads and let
η : O→M be a cofibration in the Reedy model category of k-fold bimodules over ~O. Then, there exists a k-fold
bimodule M1 over ~O′ endowed with a map η1 : O′ → M1 of k-fold bimodules over ~O′ and a weak equivalence
M→M1 of k-fold bimodules over ~O such that the following square commutes:
O
η //
' α∗

M
'

O′
η1 // M1
(70)
Proof. The proof is similar to [13, Proposition 7.8]. By Theorem 4.13, the categoriesΛBimod ~O andΛBimod ~O′
are left proper. As a consequence of Lemma 6.6 applied to the adjunction
α!B :ΛBimod ~OΛBimod ~O′ : α
∗
B
and the weak equivalence of k-fold bimodules over ~O
α∗ : O −→ O′
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we obtain a Quillen equivalence
αˆ!B :
(
O ↓ΛBimod ~O
)

(
O′ ↓ΛBimod ~O′
)
: αˆ∗B.
Since η : O→M is a cofibrant object in the category under O, one can take M1 B αˆ!B(M). The square (70)
commutes because the natural map M→M1 is a morphism in the undercategory O ↓ΛBimod ~O. 
6.1.3 Proof of Theorem 6.2
According to Notation 6.4, we denote by W(C) and F the k-fold bimodules over ~W (C) and ~F , respectively,
defined as follows:
W(C)(n1, . . . ,nk) B
∏
1≤i≤k
ni,+
W (Cdi )(ni ), for ni ∈Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+),
F(n1, . . . ,nk) B
∏
1≤i≤k
ni,+
Fdi (ni ), for ni ∈Nunionsq {+} and (n1, . . . ,nk) , (+, . . . ,+).
Since ~µ′′ : ~W (C)→ ~C and µ′′ :W(C)→ O+ are weak equivalences, one has the identifications
Bimodh
~C (O
+ ;M)  Bimodh
~W (C)(O
+ ;M)  Bimodh
~W (C)(W(C) ;M).
Let Mc be the k-fold sequence obtained by taking a factorization W(C)→Mc→M into a cofibration and a
trivial fibration of W(C)→M in the category of k-fold bimodules over ~W (C). Then, we denote by Mc1 the
k-fold bimodule over ~F obtained from Proposition 6.7 applied to the cofibration W(C)→Mc and the weak
equivalence ~g : ~W (C)→ ~F . Consequently, one has
Bimodh
~C (O
+ ;M)  Bimodh
~W (C)(W(C) ;M
c)  Bimodh
~W (C)(F ;M
c
1).
Finally, the Quillen equivalence induced by the weak equivalence ~g : ~W (C)→ ~F gives rise to
Bimodh
~C (O
+ ;M)  Bimodh
~F (F ;M
c
1).
Similarly, one has the same identifications in the context of k-fold infinitesimal bimodules:
Ibimodh
~C (O ;M
−) ' Ibimodh
~W (C)(O
+ ;M−)
' Ibimodh
~W (C)(W(C)
− ;M−)
' Ibimodh
~W (C)(W(C)
− ; (Mc)−)
' Ibimodh
~W (C)(F
− ; (Mc1)−) ' Ibimodh~F (F
− ; (Mc1)−),
Finally, the theorem follows from the identifications
F~C(M)  F ~F (M
c
1) ' Ibimodh~F (F
− ; (Mc1)−)  Ibimodh~C (O ;M
−),
where the weak equivalence is a consequence of Theorem 5.1. The reader can easily check that the same
arguments work for the truncated case. Thus finishes the proof of the theorem.
70
6.2 Iterated loop spaces associated to embedding spaces
In this section, ~O, O and O+ are the objects introduced in Definition 4.1, Example 2.5 and Example 4.4,
respectively, associated to the family of weakly 2-reduced operads Cd1 , . . . ,Cdk relative to Cn. Without loss
of generality, we assume that d1 ≤ · · · ≤ dk < n. Let η : O+→M be a map of k-fold bimodules satisfying the
conditions of Conjecture 6.1. According to Theorem 6.2, one has
F ~O(M) ' Ibimodh~O(O ;M
−),
T~r F ~O(M) ' T~r Ibimodh~O(O ;M
−).
By construction, the spaces Σ ~O(2) and ΣCdi (2) are homotopically equivalent to the spheres ΣSd1−1 
Sd1 and ΣSdi−1  Sdi , respectively. Then, according to the notation introduced in Section 5, we introduce
the covariant functor F′
~O ;M
from the category Ck to spaces given by
F′
~O ;M
(0) = Map∗
(
S0 ; Bimodh
~O
(O+ ;M)
)
,
F′
~O ;M
(i) = Map∗
(
Sdi−d1 ; BimodhCdi
(Cdi ;Mi )
)
, for i ∈ {1, . . . , k},
F′
~O ;M
(0 , i) = Map∗
(
S0 ; BimodhCdi
(Cdi ;Mi )
)
,
(71)
On morphisms, there are two cases to consider. If the morphism corresponds to an element of the form
Ck(i ; (0 , i)), then the functor is defined using the inclusion from the sphere of dimension 0 to the sphere of
dimension di −d1. On the other hand, if the morphism corresponds to an element of the form Ck(0 ; (0 , i)),
then the functor F′
~O ;M
is defined using the restriction map
resti : Bimod
h
~O
(O+ ;M) −→ BimodhCdi (Cdi ;Mi ).
By definition, one has the following relation between the functors F′
~O ;M
and F ~O ;M :
F ~O ;M (i) ' Map∗
(
Sd1 ; F′
~O ;M
(i)
)
=Ωd1F′
~O ;M
(i),
F ~O ;M (0 , i) ' Map∗
(
Sd1 ; F′
~O ;M
(0 , i)
)
=Ωd1F′
~O ;M
(0 , i).
So it defines a natural homotopy equivalence between the two functors. Consequently, there is a isomor-
phism between the limits in which the last identification is due to the fact the loop space functor (seen as
a limit) commute with the limit indexed by the category Ck :
F ~O(M) = limCk
F ~O ;M ' limCkΩ
d1F′~O ;M Ω
d1
(
lim
Ck
F′~O ;M
)
=:Ωd1F′~O(M).
Similarly, one has the same description in the context of truncated bimodules. We only need to consider in
the definition (71) the truncated spaces T~r Bimod
h
~O
(O ;M) and T~r Bimod
h
Oi
(Oi ;Mi ) instead of Bimod
h
~O
(O ;M)
and BimodhOi (Oi ;Mi ), respectively.
Theorem 6.8. For any ~r ∈Nk , one has
Ibimodh
~O
(O ;M−) 'Ωd1F′~O(M) and Ibimod
h
~O
(O ;M−) 'Ωd1
(
T~r F
′
~O
(M)
)
.
In particular, if d1 = · · · = dk = d, then one has
Ibimodh
~O
(O ;M−) 'ΩdBimodh
~O
(O+ ;M) and T~r Ibimod
h
~O
(O ;M−) 'Ωd
(
T~r Bimod
h
~O
(O+ ;M)
)
.
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As a consequence of Theorem 3.1 together with Theorem 6.8, applied to the map of k-fold bimodules
η : ~O→Rkn, one has the following statement:
Theorem 6.9. We recall that d1 ≤ · · · ≤ dk < n is a family of integers. One has the following description of the
loop spaces associated to high-dimensional spaces of string links:
Embc
( ∐
1≤i≤k
Rdi ; Rn
)
' Ωd1F′
~O
(Rkn), if dk + 3 ≤ n,
T~r Embc
( ∐
1≤i≤k
Rdi ; Rn
)
' Ωd1
(
T~r F
′
~O
(Rkn)
)
, for any ~r ∈ (Nunionsq {∞})k .
In particular, if d1 = · · · = dk = d, then one has
Embc
( ∐
1≤i≤k
Rdi ; Rn
)
' ΩdBimodh
~O
(O+ ;Rkn), if dk + 3 ≤ n,
T~r Embc
( ∐
1≤i≤k
Rdi ; Rn
)
' Ωd
(
T~r Bimod
h
~O
(O+ ;Rkn)
)
for any ~r ∈ (Nunionsq {∞})k .
6.3 Polynomial approximation of embedding spaces with singularities
Similarly to the previous section, ~O and O are the k-fold sequences associated with the family of weakly 2-
reduced operads Cd1 , . . . ,Cdk relative to the contractible space Cn(1), with d1 ≤ · · · ≤ dk < n. In the following,
we introduce another application of Theorems 6.1 and 6.8. For a family ~u = {upq}1≤p≤q≤k , with upq ∈
N>0 unionsq {∞}, we consider the space of ~u-immersions compactly supported
Imm~uc
( ⊔
1≤i≤k
Rdi ; Rn
)
⊂ Immc
( ⊔
1≤i≤k
Rdi ; Rn
)
,
formed by immersions f = (f1, . . . , fk) : unionsqiRdi → Rn such that the cardinality of the preimage f −1q (x) of a
point x ∈ Im(fp) is smaller than upq. In particular, if upq =∞ for all 1 ≤ p ≤ q ≤ k, then we get the usual
space of immersions. Similarly, if upq = 1 for all 1 ≤ p ≤ q ≤ k, then we get the usual space of embeddings.
The space of ~r-immersions is endowed with a product, given by the concatenation, which commutative up
to homotopy only if d1 ≥ 2.
Figure 24: An element in Imm~uc
(
RunionsqR ; R3
)
with u11 = 1, u12 = 1 and u22 = 0.
Unfortunately, we have no information about the convergence of the Goodwillie-Weiss’ tower associ-
ated with the space of ~u-immersions. Nevertheless, using the method describe in Section 3, we are able to
identify the polynomial approximations of the homotopy fiber
Imm
~u
c
( ⊔
1≤i≤k
Rdi ; Rn
)
B hof ib
Imm~uc ( ⊔
1≤i≤k
Rdi ; Rn
)
−→ Immc
( ⊔
1≤i≤k
Rdi ; Rn
)
with derived mapping space of (possibly truncated) k-fold infinitesimal bimodule. Then, using this identi-
fication, we will prove that the polynomial approximations are weakly equivalent to explicit iterated loop
spaces. For this purpose, we need to consider the following k-fold bimodule.
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Definition 6.10. The k-fold bimoduleRn[ ~u ]
Let ~u = {upq}1≤p≤q≤k be a family with upq ∈N>0 unionsq {∞}. Then we consider the k-fold sequence
Rn[ ~u ](A1, . . . ,Ak) ⊂R∞n (A1 unionsq . . .unionsqAk), ∀(A1, . . . ,Ak) ∈ Σ×k ,
which is the subspace formed by configurations of little cubes {ra}a∈Ai1≤i≤k satisfying the relation
∀1 ≤ p ≤ q ≤ k, ∀a ∈ Ap, ∀(b1, . . . ,bupq ) ⊂ Aq, Im(ra)∩
⋂
1≤i≤upq
Im(rbi ) = ∅.
The k-fold sequence so obtained inherits a k-fold bimodule structure over the family of operads Cd1 , . . . ,Cdk
relative to Cn fromR∞n . More precisely, the right k-fold bimodule operations are defined using the operadic
structure of R∞n and the maps Cdi → Cdk ↪→ Rdk → R∞n . The left k-fold bimodule structure is obtained
using the map ε introduced in Example 4.7.
Figure 25: Illustration of the operation ◦2
a22
with u11 = 1, u12 = 3 and u22 = 2.
Similarly to Theorem 3.1, we can use Proposition 3.16 in order to express the polynomial approxima-
tion of the functor associated with the ~u-immersions modulo immersions in terms of derived mapping
space of k-fold infinitesimal bimodule. More precisely, we get the following identifications:
T~r Imm
~u
c
( ∐
1≤i≤k
Rdi ; Rn
)
' T~r Ibimodh~O
(
O ;Rn[ ~u ]
)
,
T~∞ Imm
~u
c
( ∐
1≤i≤k
Rdi ; Rn
)
' Ibimodh
~O
(
O ;Rn[ ~u ]
)
.
As a consequence of Theorem 6.8, one has the following delooping statement:
Theorem 6.11. For any integers d1 ≤ · · · ≤ dk < n, one has the identifications
T~r Imm
~u
c
( ∐
1≤i≤k
Rdi ; Rn
)
' Ωd1
(
T~r F
′
~O
(Rn[ ~u ])
)
,
T~∞ Imm
~u
c
( ∐
1≤i≤k
Rdi ; Rn
)
' Ωd1F′
~O
(Rn[ ~u ]).
In particular, if d1 = · · · = dk = d, then one has
T~r Imm
~u
c
( ∐
1≤i≤k
R ; Rn
)
' Ωd
(
T~r Bimod
h
~O
(O+ ;Rn[ ~u ])
)
,
T~∞ Imm
~u
c
( ∐
1≤i≤k
Rd ; Rn
)
' ΩdBimodh
~O
(O+ ;Rn[ ~u ]).
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A Table of coherence relations
A.1 Axioms associated to k-fold infinitesimal bimodules
Let O1, . . . ,Ok be a family of reduced operads relative to a topological monoid X. A k-fold infinitesimal
bimodule N satisfies the following axioms:
I For (A1, . . . ,Ak) ∈ Σ×k , finite sets B and C in Σ and for all i ≤ j ∈ {1, . . . , k}, a ∈ Ai and b ∈ Aj (with a , b if
i = j), the following diagram commutes:
N (A1, . . . ,Ak)×Oi (B)×Oj (C)
◦ai ×id //
◦bj ×id

N (A1, . . . ,Ai ∪a B, . . . ,Ak)×Oj (C)
◦bj

N (A1, . . . ,Aj ∪b C, . . . ,Ak)×Oi (B) ◦ai
// N (A1, . . . ,Ai ∪a B, . . . ,Aj ∪b C, . . . ,Ak)
I For (A1, . . . ,Ak) ∈ Σ×k , finite sets B and C in Σ and for all i ∈ {1, . . . , k}, a ∈ Ai and b ∈ B, the following
diagram commutes:
N (A1, . . . ,Ak)×Oi (B)×Oi (C)
◦ai ×id //
id×◦b

N (A1, . . . ,Ai ∪a B, . . . ,Ak)×Oi (C)
◦bi

N (A1, . . . ,Ak)×Oi (B∪b C) ◦ai
// N (A1, . . . ,Ai ∪a B∪b C, . . . ,Ak)
I For (A1, . . . ,Ak), (B1, . . . ,Bk) and (C1, . . . ,Ck) in Σ×k , the following diagram commutes:
~O(A1, . . . ,Ak)× ~O(B1, . . . ,Bk)×N (C1, . . . ,Ck)
µ˜×id //
id×µ

~O(A1 unionsqB1, . . . ,Ak unionsqBk)×N (C1, . . . ,Ck)
µ

~O(A1, . . . ,Ak)×N (B1 unionsqC1, . . . ,Bk unionsqCk) µ // N (A1 unionsqB1 unionsqC1, . . . ,Ak unionsqBk unionsqCk)
I For (A1, . . . ,Ak) and (B1, . . . ,Bk) in Σ×k , a finite set C ∈ Σ and for all i ∈ {1, . . . , k} and b ∈ Bi , the following
diagram commutes:
~O(A1, . . . ,Ak)×N (B1, . . . ,Bk)×Oi (C)
id×◦bi //
µ×id

~O(A1, . . . ,Ak)×N (B1, . . . ,Bi ∪b C, . . . ,Bk)
µ

N (A1 unionsqB1, . . . ,Ak unionsqBk)×Oi (C) ◦bi
// N (A1 unionsqB1, . . . ,Ai unionsqBi ∪b C, . . . ,Ak unionsqBk)
I For (A1, . . . ,Ak) and (B1, . . . ,Bk) in Σ×k , a finite set C ∈ Σ and for all i ∈ {1, . . . , k} and a ∈ Ai , the following
diagram commutes:
~O(A1, . . . ,Ak)×N (B1, . . . ,Bk)×Oi (C)
◦ai ×id //
µ×id

~O(A1, . . . ,Ai ∪a C, . . . ,Ak)×N (B1, . . . ,Bk)
µ

N (A1 unionsqB1, . . . ,Ak unionsqBk)×Oi (C) ◦ai
// N (A1 unionsqB1, . . . ,Ai unionsqBi ∪a C, . . . ,Ak unionsqBk)
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I For i ∈ {1, . . . , k} and (A1, . . . ,Ak) ∈ Σ×k , the following diagrams commute in which the horizontal maps
are obtained by taking the unit ∗1 ∈Oi (1) and the point (∗1, . . . ,∗1) ∈ ~O(∅, . . . ,∅), respectively:
N (A1, . . . ,Ak) // N (A1, . . . ,Ak)×Oi (1)
◦1iuu
N (A1, . . . ,Ak)
N (A1, . . . ,Ak) // ~O(∅, . . . ,∅)×N (A1, . . . ,Ak)
µ
uu
N (A1, . . . ,Ak)
A.2 Axioms associated to k-fold bimodules
LetO1, . . . ,Ok be a family of reduced operads relative to a reduced operadO. A k-fold bimoduleM satisfies
the following axioms:
I For i ≤ j ∈ {1, . . . , k}, (A1, . . . ,Ak) ∈ Σ×k+ with Ai , + , Aj and finite sets B and C in Σ, and for all a ∈ Ai
and b ∈ Aj (with a , b if i = j), the following diagram commutes:
M(A1, . . . ,Ak)×Oi (B)×Oj (C)
◦ai ×id //
◦bj ×id

M(A1, . . . ,Ai ∪a B, . . . ,Ak)×Oj (C)
◦bj

M(A1, . . . ,Aj ∪b C, . . . ,Ak)×Oi (B) ◦ai
// M(A1, . . . ,Ai ∪a B, . . . ,Aj ∪b C, . . . ,Ak)
I For i ∈ {1, . . . , k}, (A1, . . . ,Ak) ∈ Σ×k+ with Ai , + and finite sets B and C in Σ, and for all a ∈ Ai and b ∈ B,
the following diagram commutes:
M(A1, . . . ,Ak)×Oi (B)×Oi (C)
◦ai ×id //
id×◦b

M(A1, . . . ,Ai ∪a B, . . . ,Ak)×Oi (C)
◦bi

M(A1, . . . ,Ak)×Oi (B∪b C) ◦ai
// M(A1, . . . ,Ai ∪a B∪b C, . . . ,Ak)
I For i ∈ {1, . . . , k} and (A1, . . . ,Ak) ∈ Σ×k+ , the following diagrams commute in which the horizontal maps
are obtained by taking the unit ∗1 ∈Oi (1) and the point (∗1, . . . ,∗1) ∈ ~OS (∅, . . . ,∅), respectively:
M(A1, . . . ,Ak) // M(A1, . . . ,Ak)×Oi (1)
◦1iuu
M(A1, . . . ,Ak)
M(A1, . . . ,Ak) // ~OS (∅, . . . ,∅)×M(A1, . . . ,Ak)
µSuu
M(A1, . . . ,Ak)
I For finite sets A and B, any element a ∈ A, S = (S1, . . . ,Sk) ∈ Pk(A) and S ′ = (S ′1, . . . ,S ′k) ∈ Pk(B) with the
condition S ′i = + iff a < Si , and (Ac1, . . . ,Ack) ∈ Σ×k+ , with c ∈ A∪aB and Bci = + iff c ∈ Si ∪a S ′i , the following
diagram commutes (by abuse of notation, we denote by ~OS the space ~OS (S1, . . . ,Sk)):
~OS × ~OS ′ ×
∏
c∈A∪aB
M(Ac1, . . . ,A
c
k)
µa×id //
id×µS′ 
~OS∪aS ′ ×
∏
c∈A∪aB
M(Ac1, . . . ,A
c
k)
µA∪aB
~OS ×M

∐
c∈B
Ac1,+
Ac1, . . . ,
∐
c∈B
Ack,+
Ack
×
∏
c∈A\{a}
M(Ac1, . . . ,A
c
k) µS
// M

∐
c∈A∪aB
Ac1,+
Ac1, . . . ,
∐
c∈A∪aB
Ack,+
Ack

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I For finite sets A and C, S = (S1, . . . ,Sk) ∈ Pk(A), (Ba1, . . . ,Bak) ∈ Σ×k+ , with a ∈ A and Bai = + iff a ∈ Si , and
for all i ∈ {1, . . . , k}, a′ ∈ A and b ∈ Ba′i , +, the following diagram commutes:
~OS ×
∏
a∈A
M(Ba1, . . . ,B
a
k)×Oi (C)
µS×id //
id×◦bi

M

∐
a∈A
Ba1,+
Ba1, . . . ,
∐
a∈A
Bak,+
Bak
×Oi (C)
◦bi

~OS ×M(Ba′1 , . . . ,Ba
′
1 ∪b C, . . . ,Ba
′
k )
∏
a∈A\a′
M(Ba1, . . . ,B
a
k)µS
// M

∐
a∈A
Ba1,+
Ba1, . . . ,
∐
a∈A
Bai ,+
Bai ∪b C, . . . ,
∐
a∈A
Bak,+
Bak

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